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Abstract
A generalization of the Lagrangian introduced earlier in [2011 J. Phys. G 37 105001] for
a classical color spinning particle interacting with background non-Abelian gauge and fermion
fields for purpose of considering a change in time of the spin particle degree of freedom,
is suggested. In the case under consideration the spin degree of freedom is described by a
commuting c-number Dirac spinor ψα. A mapping of this spinor into new variables: anticommu-
ting pseudovector ξµ and pseudoscalar ξ5 commonly used in a description of the spin degree of
freedom of a massive spin- 1
2
particle, is constructed. An analysis of one-to-one correspondence
of this mapping is given. It is shown that for the one-to-one correspondence it is necessary to
extend a class of real tensor quantities including besides ξµ and ξ5, also odd vector ξˆµ, scalar
ξˆ5, and (dual) pseudotensor
∗ζµν . In addition, it is shown that it is necessary either to restrict a
class of the initial spinor ψα to Majorana one or to double the number of variables in the tensor
aggregate (ξµ, ξ5,
∗ζµν , ξˆµ, ξˆ5). Various special cases of the desired mapping are considered. In
particular, a connection with the Lagrangian suggested by A.M. Polyakov, is studied. It is also
offered the way of obtaining the supersymmetric Lagrangian in terms of the even ψα and odd
θα spinors. The map of the Lagrandian leads to local SUSY Lagrangian in terms of ξµ and ξ5.
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1
1 Introduction
In our previous paper [1] a model Lagrangian describing interaction of a relativistic spinning
color-charged classical particle with background non-Abelian gauge and fermion fields was
suggested. The spin degree of freedom has been presented in [1] by a c-number Dirac spinor
ψα, α = 1, . . . , 4. By virtue of that the background fermion field Ψ
i
α(x), which within a
classical description is considered as Grassmann-odd one, has by the definition spinor index, the
description of the spin degree of freedom of the particle in terms of the spinor ψα is a very natural
and simplest in technical respect. There is some vagueness with respect to Grassmann evenness
of this spinor. In our papers [2, 3] in the application to analysis of dynamics of the spinning
color particle moving in a hot quark-gluon plasma, the spinor ψα was thought as Grassmann
evenness one (although it is improbably that for a complete description of the spin dynamics in
external fields of different statistics it demands simultaneously to take into consideration spinors
of the different Grassmann evenness, i.e. in other words, it requires introducing a superspinor,
see Conclusion). Furthermore, for simplicity throughout our previous works, we neglected a
change of a spin state of the particle, i.e. we believed ψα to be a spinor independent of the
evolution parameter τ . As a consequence we completely neglected an influence of the particle
spin on the general dynamics of interaction of the particle with background fields. However, for
a more detailed study of particle motion in external fields of different statistics and comparing
the suggested model with the other approaches known in the literature, it is necessary to
consider the change in time of the spin variable. At present there exist a few approaches to
the description of the spin degree of freedom of a particle within (semi)classical approximation.
Below we briefly consider only one approach most close to the subject of investigation in this
work.
Notice that a description of the spin degree of freedom by means of classical commuting
spinor is not new. Such a way of the description arises naturally in determination of a connection
of relativistic quantum mechanics of electron with relativistic classical mechanics [4]. In particu-
lar, it was shown [5] that within the WKB-method extended to the relativistic case, the
relativistic wave Dirac equation results in a system of equations incorporating not only classical
canonical equation of motion, but also a further equation for the spin degree of freedom. This
equation is connected directly with the Schro¨dinger equation
i~
dψ(τ)
dτ
= − e~
4m
σµνFµν(x)ψ(τ), σ
µν ≡ 1
2i
[γµ, γν ] (1.1)
for a spinor function ψα (we put throughout c = 1 for the speed of light). This equation describes
a motion of electron spin in external electromagnetic field Fµν(x). The field in (1.1) is defined
along the path of particle xµ = xµ(τ, x0, τ0).
Further, a similar way of the description of the spin degree of freedom of elementary particle
has been used extensively by A.O. Barut et al. [6, 7] (see also [8]). In these works it has been
proposed the following Lagrangian which in our notions is
L =
1
2
iλ
(
dψ¯
dτ
ψ − ψ¯ dψ
dτ
)
+ pµ
(
x˙µ − ψ¯γµψ)+ eAµ(x)(ψ¯γµψ). (1.2)
Here, λ is a constant with the dimension of action and these authors consider the pµ momentum
as Lagrangian multiplier for the constraint
x˙µ = ψ¯γµψ, (1.3)
2
where the dot denotes the differentiation with respect to τ . Within the classical model [6, 7]
the whole phase consists of the usual pair of conjugate variables (xµ, pµ) and another pair
of conjugate classical spinor variables (ψ,−iψ¯) representing internal degrees of freedom. The
configuration space is thus M4 ⊗ C4, ψ ∈ C4 and the Lagrangian (1.2) describes a symplectic
system. In our approach we depart from the constraint (1.3). Next we define an interaction
term with external (non-Abelian) gauge field such that it will be consistent with the equation
of motion (1.1). Under these circumstances we suggest the following model Lagrangian which
account for a change in both color and spinning degrees of freedom of a classical particle
propagating in background non-Abelian bosonic and fermionic fields
L = L0 + Lm + Lθ + Lϑ + LΨ, (1.4)
where
L0 = − 1
2e
x˙µ x˙
µ +
1
2i
(
dψ¯
dτ
ψ − ψ¯ dψ
dτ
)
, (1.5)
Lm = −e
2
m2, (1.6)
Lθ = i(θ
†iDijθj)− e g
4
QaF aµν(ψ¯σ
µνψ), (1.7)
Lϑ =
i
2
ϑaDabϑb − e g
4
QaF aµν(ψ¯σµνψ), (1.8)
LΨ = − e√
2
g
{
θ†i(ψ¯αΨ
i
α) + (Ψ¯
i
αψα)θ
i
}
(1.9)
+
[
e√
2
g
(
CF
2TF
)
Qa
{
θ†j(ta)ji(ψ¯αΨ
i
α) + (Ψ¯
i
αψα)(t
a)ijθj
}
+ (Qa → Qa)
]
+
[
e√
2
g
(
CF
2TF
)
QaF aµν
{
θ†i(ψ¯σµνΨi) + (Ψ¯iσµνψ)θi
}
+ (Qa → Qa)
]
+
e√
2
g
(
CF
2TF
)
F aµν
{
θ†j(ta)ji(ψ¯σµνΨj) + (Ψ¯jσµνψ)(ta)ijθj
}
+ . . . .
Here, e is the (one-dimensional) vierbein field (it should not be confused with electric charge
e in (1.1)); Dij = δij∂/∂τ + igx˙µAaµ(t
a)ij is the covariant derivative along the direction of
motion; self-conjugate pair (θ†i, θi) and real ϑa are a set of Grassmann variables belonging
to the fundamental and adjoint representations of the SU(Nc) color group, respectively
1, i.e.
i, j, . . . = 1, . . . , Nc, and a, b, . . . = 1, . . . , N
2
c − 1; the commuting color charges Qa and Qa are
defined by
Qa ≡ θ†i(ta)ijθj, Qa ≡ 1
2
ϑb(T a)bcϑc.
The last contribution LΨ, Eq. (1.9), describes interaction with external non-Abelian fermionic
field. As was shown in [1] in principle this contribution includes an infinite number of interaction
terms. In the work mentioned just above we have given the concrete examples of such terms.
1Here, one can draw some interesting analogy to (super)string theory for the interacting terms, for example
in (1.7). In our case the term x˙µAaµ(θ
+taθ) is similar to one ja∂¯xµAaµ(x) defining interaction with so-called
the Neveu-Schwarz (NSNS) gauge fields [9]. Another term of a form Fµν(ψ¯σ
µνψ) represents analog of a term
S¯Γ[µ1...Γµn]SFµ1...µn for n = 2, where S¯α and Sα are the spin fields. This term in a string theory defines
interaction with Ramond-Ramond (RR) gauge fields [10]. NSNS and RR gauge fields are quite different in
string theory in contrast to the theory of point particles.
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An alternative approach most generally employed for a spin description of a massive particle
is connected with introduction into consideration of the pseudovector and pseudoscalar dynamical
variables ξµ, µ = 1, . . . , 4 and ξ5 that are elements of the Grassmann algebra [11–14]. For this
variables an appropriate Lagrangian of the first order time derivative, is defined. In view of
its great importance for the subsequent discussion and for convenience of further references we
give in Appendix A a complete form of this Lagrangian. It is these Grassmann-valued variables
that appear in representation of the one-loop effective action in quantum chromodynamics in
terms of the path integral over world lines of hard particle in external field [15–17]. We notice
also that these variables in two-dimensional case are used in a description of a spinning string
within the Ramond-Neveu-Schwarz formalism and essentially in construction of the covariant
string vertex operator (it is the most important notion of string theory) describing emission
(absorption) of a fermion by string.
The description of the spin degree of freedom in terms of the odd pseudovector and pseudosca-
lar quantities is to some extent more fundamental in comparison with the description in terms
of even spinor ψα. This raises the interesting question of defining relations (mapping) between
these variables, and, finally, a possibility of constructing the mapping between the Lagrangian
(1.4) (without interaction term LΨ) and Lagrangian (A.1). The construction of such a mapping
in an explicit form is very important for us. The reason is that counterparts of the interaction
terms (1.9) in the Lagrangian (A.1) is unknown. Thus having understood the connection
between the Lagrangians without an external fermion field, one can define an explicit form
of interaction terms with the background Ψ-fields in terms of the Grassmann pseudovector and
pseudoscalar variables ξµ and ξ5 merely by means of an appropriate replacement of the ψα
spinor by the mapping ψα = ψα(ξµ, ξ5) in (1.9).
It is pertinent at this point to make one remark, which is completely analogous to that
made in Introduction in the paper [1]. This remark concerns with introducing the Grassmann
color charges θ+i and θi into consideration. If we carefully look at the equations of motion, the
constraints (A.7) – (A.11) and the expression for color current (A.12), then we may notice that
the odd pseudovector ξµ enters these equations only in the following even combination
Sµν≡ −i ξµξν , (1.10)
as well as the Grassmann color charges enter these equations in the combination θ†taθ (≡ Qa).
By virtue of (A.8) the function Sµν obeys the equation
dSµν
dτ
=
g
m
Qa(F aµλS
λν − F aνλSλµ). (1.11)
We notice that a similar tensor of spin can be defined also in terms of the ψα spinor if one sets
Sµν =
1
2
ψ¯σµνψ. (1.12)
By virtue of (1.7) this tensor of spin obeys the same equation (1.11). The anti-symmetric tensor
Sµν can be considered as semiclassical limit of quantum-mechanical average of σµν , i.e.
Sµν =
1
2
〈σµν〉~→0,
where 〈·〉 assigns an average operation.
Thus in actual dynamics of a classical color spinning particle introduction into consideration
4
of the Grassmann pseudovector ξµ is reveal by no means (and one can quite get by with the
usual commuting function Sµν). The odd variables give merely the possibility of an Lagrangian
formulation with subsequent quantization of the model. One can expect that the situation can
qualitatively changes only if the system is subjected to a background non-Abelian fermion field,
which as it were splits the combinations −iξµ ξν into two independent (Grassmann-odd) parts.
Here, the necessity of introducing Grassmann pseudovector ξµ as dynamical variable enjoying
full rights should be manifested in full.
Furthermore, by virtue of the fact that we have the even spinor ψα on the one hand and
odd pseudovector ξµ (and pseudoscalar ξ5) on the other hand, for construction of the desired
mapping inevitably we must introduce some auxiliary odd spinor θα. The idea of construction
of such a mapping is not new. In due time this problem has been studied extensively in view
of analysis of a classical correspondence of theories of relativistic massless spin-1
2
particles
[11–13] and superparticles [18–21] and in a more general context between spinning string and
superstring. In paper by Sorokin et al. [22] within the superfield formalism it was noted that
such a classical correspondence can be defined by the following relation
ξµ ∼ θ¯γµψ + (conj. part). (1.13)
In [22] commuting spinor ψα has played the role of a twistor-like variable, which is not dynamical
one. In our paper (see the next section) we use the relation (1.13). The only difference is that by
virtue of initial setting of the problem the anticommuting spinor θα will play a role of auxiliary
variable rather than ψα.
The paper is organized as follows. In Section 2 as the first example a detailed analysis of
the simplest relation between the even Dirac spinor ψα and odd pseudovector and pseudoscalar
variables ξµ, ξ5 is carried out and the mapping between individual terms of Lagrangians (1.4)
and (A.1) is considered. Section 3 is devoted to a discussion of the conditions for the one-to-
one correspondence (ψ, ψ¯) ↔ (ξµ, ξ5) suggested in the previous section. It is shown that the
requirement of the one-to-one correspondence results in the necessity of generalization of the
desired mapping by considering not only the pseudovariables ξµ and ξ5, but also Grassmann
vector ξˆµ, scalar ξˆ5, and pseudotensor
∗ζµν variables. In Section 4 a general analysis of the
mapping between pair (ψα, θα) and the real tensor aggregate (ξµ, ξ5, ζµν , ξˆµ, ξˆ5) is proposed. On
the basis of this analysis it is concluded that for the existence of the one-to-one correspondence
it is necessary either restrict the (ψα and θα) spinors to Majorana ones or double a number of
real tensor quantities: (ξ
(i)
µ , ξ
(i)
5, . . .), i = 1, 2. Section 5 is concerned with an analysis similar to one
in Section 2, where instead of the pseudoscalar contribution ξ5 the pseudotensor contribution
∗ζµν is considered. In the subsequent Section 6 we compare thus obtained Lagrangian with
Lagrangian suggested by A.M. Polyakov. In Section 7 a qualitative consideration of supersym-
metric generalization of our initial Lagrangian (1.4) is performed. In Section 8 it is considered
a problem of construction in an explicit form of the auxiliary odd spinor θα in terms of
known functions of the problem under consideration, namely, in terms of external non-Abelian
fermionic field Ψiα(x) defined along world line of a particle xµ = xµ(τ) and color charges θ
i, ϑa
in the fundamental and adjoin representations of the gauge group. In the concluding section we
briefly discuss the question of a further generalization of the ideas of this work connected with a
construction of hybrid description of both spinning and color degrees of freedom of a relativistic
particle within the models possessing double supersymmetry (the doubly-graded models).
In AppendixA a complete form of the Lagrangian for spin-1
2
color particle, is given and
5
local SUSY n = 1 transformations, constraints and equations of the motion are written out. In
AppendixB all required formulas of spinor algebra are listed.
2 Mapping of the even spinor variables (ψα, ψ¯α) into odd
pseudovector and pseudoscalar ones (ξµ, ξ5)
Let us consider our initial Lagrangian (1.4) without two last contributions Lϑ and LΨ. We
will try to construct such an explicit mapping of spin variables ψα and ψ¯α to spin variables
ξµ and ξ5 that reproduce Lagrangian (A.1). A sum of terms (1.5), (1.6) and (1.7) is devoid of
any supersymmetry whereas a sum of terms (A.2), (A.3) and (A.4) possesses the local n = 1
SUSY. The terms providing the local supersymmetry of expression (A.1) are connected with
the last terms in (A.2) and (A.3) containing the one-dimensional gravitino field χ(τ). By virtue
of the fact that there is no any analogy to these terms in (1.4), we drop them for a moment. A
question concerning the possibility of their arising in the mapping between Lagrangians (1.4)
and (A.1) will be discussed in section 7.
Let us consider a linear mapping of the following form
ψ = κ ξµ(γ
µγ5θ) + αξ5(γ5θ), (2.1)
and, correspondingly, for the conjugate function we have
ψ¯ = −κ∗(θ¯γ5γµ)ξµ − α∗(θ¯γ5)ξ5. (2.2)
Here, κ, α are unknown (complex) functions, θ = (θα), α = 1, . . . , 4, is some auxiliary Grassmann-
odd Dirac spinor and the symbol ∗ is a complex conjugation sign.
Let us assume further that an inverse mapping will have the following structure
ξµ =
1
2
{
β(θ¯γµγ5ψ)− β∗(ψ¯γ5γµθ)
}
, (2.3)
ξ5 =
1
2
{
β˜(θ¯γ5ψ)− β˜∗(ψ¯γ5θ)
}
, (2.4)
where β and β˜ are some new unknown coefficient functions. Certain restrictions for these
unknown functions can be obtained if one requires that upon substitution (2.1) and (2.2) into
(2.3) and (2.4) we get the identities. For example, substituting (2.1) and (2.2) into (2.3), we
find
ξµ =
1
2
(βκ+ β∗κ∗)(θ¯θ) ξµ +
i
2
(βκ− β∗κ∗)(θ¯σµνθ) ξν − 1
2
(βα+ β∗α∗)(θ¯γµθ) ξ5,
The requirement of identical coincidence of left- and right-hand sides leads to the following
system of algebraic equations
1
2
(βκ+ β∗κ∗)(θ¯θ) = 1,
βκ− β∗κ∗ = 0,
βα + β∗α∗ = 0.
(2.5)
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A similar requirement for the second relation (2.4) leads still to the additional equations
−1
2
(β˜α + β˜∗α∗)(θ¯θ) = 1,
(β˜κ+ β˜∗κ∗) = 0.
(2.6)
Let us now turn to analysis of separate terms in Lagrangian (1.4). At first we consider a
mapping of the kinetic term in (1.5), more exactly, the term
1
2i
(
dψ¯
dτ
ψ − ψ¯ dψ
dτ
)
. (2.7)
Rather cumbersome, but straightforward calculations give the following expression for (2.7) in
terms of new variables ξµ and ξ5
− i|κ|2 (θ¯θ)
(
ξµ
dξµ
dτ
)
− i|α|2(θ¯θ)
(
ξ5
dξ5
dτ
)
− 1
2
{
dκ∗
dτ
κ− κ∗ dκ
dτ
}
(θ¯σµνθ) ξµξν − 1
2
|κ|2
{(
dθ¯dτ
σµνθ
)
−
(
θ¯ σµν
dθ
dτ
)}
ξµ ξν
+
1
2i
{(
κ
dα∗
dτ
− dκ
dτ
α∗
)
+
(
κ∗
dα
dτ
− dκ
∗
dτ
α
)}
(θγµθ) ξ5 ξµ
+
1
2i
(α∗κ+ ακ∗)(θ¯γµθ)
{
dξ5
dτ
ξµ − ξ5 dξµ
dτ
}
+
1
2i
(α∗κ− ακ∗)
{(
dθ¯
dτ
γµθ
)
−
(
θ¯γµ
dθ
dτ
)}
ξ5 ξµ.
(2.8)
Here, the first two terms have in exact the same structure as the terms
− i
2
(
ξµ
dξµ
dτ
)
and +
i
2
(
ξ5
dξ5
dτ
)
in (A.2) and (A.3), respectively. The requirement of literal coincidence of these two terms results
in the algebraic equations additional to (2.5) and (2.6)
+ |κ|2(θ¯θ) = 1
2
, (2.9)
− |α|2(θ¯θ) = 1
2
. (2.10)
Here, a minus sign in the second equation casts some doubt upon correctness of such a direct
approach. Actually, there exist a little subtlety concerning the terms in (A.3) with pseudoscalar
ξ5. As was mentioned above the Lagrangian (A.1) possesses local n = 1 SUSY, while (1.4) does
not. For their mutual comparison among themselves we dropped all terms in (A.1) containing
the one-dimensional gravitino field χ. However such a direct the χ-term truncation is not strictly
accurate. It is more correct in this situation to use appropriate constraint equation in (A.6)
for elimination of this variables from Lagrangian (A.1). In other words, before comparison the
second term in (2.8) with the second term in (A.3), it is necessary preliminary to eliminate the
χ-field by using of the equation of motion for ξ5
2 ξ˙5 −mχ = 0.
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After such an elimination the kinetic term ξ5 ξ˙5 in (A.3) changes its sign to opposite one and
comparing with appropriate terms in (2.8) results in the algebraic equation with the correct
sign, instead of (2.10)
+ |α|2(θ¯θ) = 1
2
. (2.11)
Further, it is evident that we cannot simply set the coefficients before the other terms in
(2.8) equal to zero, since this leads immediately to degeneracy of our initial mapping. Formally,
we must at first solve a system of algebraic equations (2.5), (2.6), (2.9) and (2.11) and then
substitute the solution obtained in the relevant coefficient functions in (2.8). It will be made
just below.
Let us consider the mapping of the term in Lagrangian (1.7) defining interaction of the spin
of a particle with background non-Abelian gauge field, more exactly a mapping of the tensor
of spin 1
2
(ψ¯σµνψ) into the quadratic combination ξµξν . A direct substitution of (2.1) and (2.2)
and using formulas of the spinor algebra (B.2) gives the following expression
1
2
(
ψ¯σµνψ
)
= i|κ|2(θ¯θ) ξµξν − 1
2
|κ|2(θ¯γ5θ) ǫµνλσξλξσ
− i
2
(ακ∗ + α∗κ)
{
(θ¯γνθ)ξµ − (θ¯γµθ)ξν}ξ5
− 1
4
(ακ∗ − α∗κ) ǫµνλσ{(θ¯γσγ5θ)ξλ − (θ¯γλγ5θ)ξσ}ξ5.
(2.12)
The requirement of coincidence of the force terms in different representations
− eg
4
QaF aµν(ψ¯σ
µνψ) ∼ ieg
2
QaF aµν ξ
µξν + . . . (2.13)
leads to the following condition
− |κ|2(θ¯θ) = 1 . (2.14)
The algebraic equation obtained contradicts a similar equation (2.9). It is the more so surprising
that the spin tensor Sµν in the form (1.10) and (1.12) obeys the same dynamical equation (1.11).
This suggests that the initial naive mapping (2.1) is not complete. An extended discussion of
this subject will be considered in the subsequent sections and a possible way of overcoming
the contradiction between (2.9) and (2.14) will be given in section 5. For the reminder of this
section we will solve algebraic system (2.5), (2.6), (2.9) and (2.11) putting aside the equation
(2.14).
We shall seek a solution of the system of algebraic equations in the form κ = aeiϕ, a is some
real function etc. Simple calculations leads to the general solution
κ = (±)κ 1√
2(θ¯θ)1/2
eiϕ, α = (±)α i(−1)
n
√
2(θ¯θ)1/2
eiϕ,
β = (±)κ
√
2
(θ¯θ)1/2
e−iϕ, β˜ = (±)α i
√
2(−1)n
(θ¯θ)1/2
e−iϕ.
(2.15)
Here, n = 0,± 1,± 2, . . . ; ϕ is an arbitrary phase that generally speaking, is a function of
the evolution parameter τ and the symbols (±)κ, (±)α denote arbitrariness in choose of signs
independent for functions (κ, β) and (α, β˜). The solutions (2.15) should be considered as formal
ones because strictly speaking, by virtue of Grassmann nature of the spinor θα there is no inverse
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function to (θ¯θ) one [23]. The expressions (2.15) and all similar expressions should be considered
as multiplied by (θ¯θ) in appropriate degree.
If we now substitute the obtained solutions (2.15) in the remainder of the untapped coefficient
functions in (2.8), then we find quite compact expressions for them
1
2
{
dκ∗
dτ
κ− κ∗ dκ
dτ
}
=
1
2i
1
(θ¯θ)
dϕ
dτ
,
1
2i
{(
κ
dα∗
dτ
− dκ
dτ
α∗
)
+
(
κ∗
dα
dτ
− dκ
∗
dτ
α
)}
= ± i 1
(θ¯θ)
dϕ
dτ
,
1
2i
(α∗κ+ ακ∗) = 0,
1
2i
(α∗κ− ακ∗) = ∓ 1
2(θ¯θ)
.
A special feature of the first two expressions involving derivatives of coefficient functions is that
they reduce to the derivative of arbitrary phase ϕ. If we set ϕ = const, then noticeable part
of redundant terms in (2.8) will be vanishing without any additional assumptions. The terms
containing derivatives of the odd spinor θα will not to be zero under no circumstances. Another
feature is the vanishing of the last coefficient function but one. This function is connected with
the term in (2.8) proportional to the following mixed expression
ξ˙5ξµ − ξ5 ξ˙µ.
A similar contribution to the Lagrangian of a spin particle was first considered in paper [12] and
also in several others [13, 24, 25]. In our case for the simplest mapping (2.1), (2.2) this mixed
contribution exactly turns to zero.
Thus we see that a simple choice of (2.1), (2.2) leads to sufficiently reasonable and visible
expressions for the one-sided mapping (ψ, ψ¯) → (ξµ, ξ5). We can substitute (2.1), (2.2) with
coefficients (2.15) into the Lagrangian LΨ, Eq. (1.9) and thereby to obtain an explicit form
of interacting terms of a color spinning particle with the background fermionic field Ψiα(x)
expressed in terms of the pseudovariables ξµ, ξ5 and auxiliary anticommuting spinor θα. The only
problem we are faced with is evident contradiction between the mapping of kinetic term (2.7)
and the mapping of the spin interaction term of a particle with external gauge field, Eq. (2.13).
Furthermore, we leave delicate problem of the one-to-one correspondence of our mapping out
of the consideration. In two forthcoming sections we consider in detail the conditions and
requirements under which it is possible to obtain one-to-one mapping.
3 Requirement of one-to-oneness of the map (ψ, ψ¯)⇄ (ξµ, ξ5)
In the preceding section in the analysis of the mapping (ψ, ψ¯) → (ξµ, ξ5) we require that
substitution (2.1), (2.2) into (2.3) and (2.4) leads to identities. Let us consider now what we
will have for an inverse mapping (ξµ, ξ5) → (ψ, ψ¯). For this purpose we substitute (2.3), (2.4)
back into (2.1) and collect like terms
ψα =
1
2
{
κβ(θ¯γµγ5)β(γµγ5θ)α + αβ˜(θ¯γ5)β(γ5θ)α
}
ψα
+
1
2
ψ¯β
{
κβ∗(γ5γ
µθ)β(γµγ5θ)α + αβ˜
∗(γ5θ)β(γ5θ)α
}
.
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Here, the requirement of identical coincidence of the left- and right-hand sides leads to the
following equations
θ¯γ
{
κβ(γµγ5)γβ(γµγ5)αδ + αβ˜(γ5)γβ(γ5)αδ
}
θδ = 2δαβ (3.1)
and {
κβ∗(γµγ5)βγ(γµγ5)αδ − αβ˜∗(γ5)βγ(γ5)αδ
}
θγθδ = 0. (3.2)
At the beginning, we analyze the first equation. In the left-hand side of the expression in braces
we pick out a contribution proportional to δαβ . For this purpose we use the Fierz identities (see,
for example, appendix in the book by Okun [26]). The Fierz identities enable us to result (3.1)
in the form {
−κβ + 1
4
αβ˜
}
(θ¯θ)δαβ − 1
2
{
κβ +
1
2
αβ˜
}
(θ¯γµθ)(γ
µ)αβ
+
1
8
αβ˜ (θ¯σµνθ)(σ
µν)αβ +{
κβ +
1
4
αβ˜
}
(θ¯γ5θ)(γ5)αβ − 1
2
{
κβ − 1
2
αβ˜
}
(θ¯γµγ5θ)(γ
µγ5)αβ = 2δαβ .
The requirement of single-valuedness of the inverse mapping is reduced here to a system of
algebraic equations for the coefficient functions
S-channel:
{
−κβ + 1
4
αβ˜
}
(θ¯θ) = 2,
V-channel: κβ +
1
2
αβ˜ = 0,
T-channel: αβ˜ = 0,
A-channel: κβ − 1
4
αβ˜ = 0,
P-channel: κβ +
1
4
αβ˜ = 0.
It is easy to see that in the presence of only pseudovector ξµ and pseudoscalar ξ5 contributions
to the mapping (2.1) this algebraic system has no solutions.
Let us extent the mapping (2.1) by adding to it the vector ξˆµ and scalar ξˆ5 anticommuting
parts, i.e. we set
ψ = . . . + κˆ (ξˆµγ
µ) θ + αˆ ξˆ5 θ,
where the dots refer to the terms from the right-hand side of (2.1) and
ξˆµ =
1
2
{
βˆ(θ¯γµψ) + βˆ
∗(ψ¯γµθ)
}
,
ξˆ5 =
1
2
{
ˆ˜β(θ¯ψ) + ˆ˜β∗(ψ¯θ)
}
.
(3.3)
Here, κˆ, αˆ, βˆ and
˜ˆ
β are some new unknown coefficients. To avoid large amount of notations,
for the vector and scalar contributions we use the same notations just like the pseudovector
and pseudoscalar contributions with hat above only. The consideration of these additional
contributions appreciable improves situation with solvability of the algebraic system for coeffi-
cients, but eventually results in contradiction anyway.
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Finally, as the last step we can add a tensor contribution ζµν (in our case it is more convenient
to take pseudotensor ∗ζµν dual to ζµν) to construction of the one-to-one mapping and thus write
eventually, instead of (2.1)
ψ =
[
κ ξµ(γ
µγ5θ) + α ξ5(γ5θ)
]
+ ρ ∗ζµν(σ
µνγ5θ) +
[
κˆ ξˆµ(γ
µθ) + αˆ ξˆ5θ
]
, (3.4)
where
∗ζµν =
1
2
{
s(θ¯σµνγ5ψ)− s∗(ψ¯γ5σµνθ)
}
, (3.5)
ρ and s are the others unknown coefficients. Substituting (2.3), (2.4), (3.3) and (3.5) into (3.4)
and using the Fierz identities we result in the following system of algebraic equations
S-channel:
{
−
(
κβ − κˆβˆ
)
+
1
4
(
αβ˜ + αˆ
ˆ˜
β
)
+ 3ρs
}
(θ¯θ) = 2 ,
V-channel:
(
κβ + κˆβˆ
)
+
1
2
(
αβ˜ − αˆ ˆ˜β
)
= 0,
T-channel: αβ˜ + αˆ ˆ˜β = 4ρs,
A-channel:
(
κβ + κˆβˆ
)
− 1
2
(
αβ˜ − αˆ ˆ˜β
)
= 0,
P-channel:
(
κβ − κˆβˆ
)
+
1
4
(
αβ˜ + αˆ
ˆ˜
β
)
+ 3ρs = 0.
(3.6)
The system obtained is consistent and it defines the following simple relations between the
coefficient functions
αβ˜ = αˆ
ˆ˜
β, κβ = −κˆβˆ,
κβ = − 1
2(θ¯θ)
, αβ˜ =
1
2(θ¯θ)
, ρs =
1
4(θ¯θ)
.
(3.7)
We notice that from solutions (2.15) in the preceding section follows
κβ =
1
(θ¯θ)
, αβ˜ = − 1
(θ¯θ)
.
Comparing the last equalities with appropriate expressions in (3.7), we see that they differ
from one another by the factor (−1/2). Thus the approach stated in section 2 is quite good
approximation of more subtle approach suggested in this section.
Let us consider now the second equation (3.2), which must be also satisfied. Analysis of
this equation is a slightly different. The distinctive feature of the equation is that it contains
a product of two anticommuting spinors θγ and θδ. Thus in order for this expression will to be
zero, it is necessary and sufficient that the expression in braces will be symmetric with respect
to spinor indices γ and δ. It is well known [26] that there exist only two combinations symmetric
with respect to the last spinor indices, which can be symbolically written in the form:
3(S + P) + 1
2
T , 2(S − P) + V − A, (3.8)
where S designates the contribution of the type I ⊗ I, P ∼ γ5 ⊗ γ5, V ∼ γµ ⊗ γµ, and so on.
From (3.8) and (3.2) one can see at once that it is impossible to form a symmetric combination
of structures A and P only. Similar to the previous case, here it is necessary to take into
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consideration all permissible contributions, i.e. to use expression (3.4) as initial one. Then
instead of (3.2) we obtain the equation in the form
{
κβ∗(γµγ5)βγ(γ
µγ5)αδ − αβ˜∗(γ5)βγ(γ5)αδ − 1
2
ρs∗(σµν)βγ(σ
µν)αδ
+ κˆβˆ∗(γµ)βγ(γ
µ)αδ + αˆ
ˆ˜β∗δβγδαδ
}
θγθδ = 0.
(3.9)
Let us combine two expressions in (3.8) preliminary multiplied them by arbitrary constants
µ and ν, respectively
(3µ+ 2ν)S + (3µ− 2ν)P + 1
2
µT + νV − νA.
Comparing the last expression with (3.9), we find the following system of algebraic equations
for the coefficient functions
αˆ
ˆ˜
β∗ − αβ˜∗ = −6ρs∗,
κˆβˆ∗ = −κβ∗ = 1
4
(αˆ ˆ˜β∗ + αβ˜∗)
(3.10)
and the expressions for µ and ν
µ =
1
6
(αˆ ˆ˜β∗ − αβ˜∗),
ν =
1
4
(αˆ ˆ˜β∗ + αβ˜∗).
Incidentally, the system (3.10) can be directly obtained by not appealing to (3.8) by using
the Fierz identities only. We notice also that as distinct from (3.6) the equation (3.10) in fact
represents a system of equations for phases of the desired coefficient functions. To see that we
express variables ρ, α and αˆ in terms of s, β˜ and
ˆ˜
β with the help of (3.7) and substitute them
into (3.10). Finally, we have
( ˆ˜
β∗
ˆ˜
β
− β˜
∗
β˜
)
= −3 s
∗
s
,
β∗
β
=
βˆ∗
βˆ
=
1
4
( ˆ˜
β∗
ˆ˜
β
+
β˜∗
β˜
)
.
If one formally sets
β˜ = |β˜| e−iΦ˜, ˆ˜β = | ˆ˜β| e−i ˆ˜Φ, s = |s| e−iΨ, β = |β| e−iΦ, βˆ = |βˆ| e−iΦˆ,
then instead of two equations written out just above, we obtain
e2i
ˆ˜Φ − e2iΦ˜ = −3e2iΨ, e2iΦ = e2iΦˆ = 1
4
(e2i
ˆ˜Φ + e2iΦ˜).
It is evident that the first equation has no solutions in no values of angles ˆ˜Φ, Φ˜ and Ψ. Thus we
lead to negative conclusion: the expression in braces in (3.9) cannot be symmetric with respect
to spinor indices γ and δ in no values of the coefficient functions compatible with relations
(3.7). Hence, the equation (3.9) is not identical fulfilment.
For indirect check of this result let us give a similar brief analysis for antisymmetric case of
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the spinor indices and show that here, there exist non-trivial solutions. For the antisymmetric
case there exist three antisymmetric combinations
V +A, S + P − 1
2
T , 2 (S − P)− (V −A).
The requirement of antisymmetry of the expression in braces in (3.9) with respect to permutation
of spinor indices γ and δ results in the following algebraic equation
αˆ
ˆ˜
β∗ − αβ˜∗ = 2ρs∗,
αˆ
ˆ˜
β∗ + αβ˜∗ = −2(κˆβˆ∗ − κβ∗),
(3.11)
or in terms of the phases, we get
e2i
ˆ˜Φ − e2iΦ˜ = e2iΨ, e2i ˆ˜Φ + e2iΦ˜ = −2(e2iΦ + e2iΦˆ).
A solution of this system exists and contains one arbitrary phase. If we take the function Φ˜ as
such a phase, then we will have
ˆ˜Φ = Φ˜ ∓ π
6
+ 2πn, n = 0, ±1, . . . ,
Ψ = Φ˜ ∓ π
3
+ πm, m = 0, ±1, . . . ,
Φˆ = −Φ + 2Φ˜ ∓ π
6
+ π + 2πm,
(3.12)
and the angle Φ is expressed through the angle Φ˜ from the relation
cos
[
2(Φ− Φ˜) ± π
6
]
= ∓
√
3
4
.
The map (3.4) seems sufficiently complete, but here, additional physical variables appear.
The pair of variables (ξˆµ, ξˆ5) and also the pseudotensor
∗ζµν were added to pair of the initial
variables (ξµ, ξ5). As was mentioned by Berezin and Marinov [11], generally speaking, before
the procedure of quantization either of the pairs (ξµ, ξ5) and (ξˆµ, ξˆ5) can be chosen as main
dynamical variables. Since as the basic variables the first pair is chosen, then the second one
must play the auxiliary role. It is possible to reduce the number of auxiliary functions to one
function ξˆ5, if to impose the condition in the form
ξˆµ ∼ x˙µ ξˆ5.
However, a physical interpretation of the odd scalar ξˆ5 remains unclear.
In regard to the pseudotensor ∗ζµν , it is naturally to consider that
∗ζµν ∼ x˙µξν − x˙νξµ (3.13)
up to possible term εµνλσ x˙
λξσ. The tensor variables of type ∗ζµν (together with ξµ and ξ5) was
for the first time considered in [25] in a context of construction of a pseudoclassical particle
model associated to the twisted N = 2 SUSY algebra in the euclidian 4D space. In this work it
was shown that in a certain choice of parameters of the particle model it is possible to eliminate
the odd tensor variable and ipso facto to obtain the vector SUSY particle model suggested early
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by the same authors [24]. However, we would like to show that a choice of form (3.13) results
in more nontrivial results, appearance of new interaction terms, especially in the presence of
the background fermion field in the system. This question will be considered in sections 5 and
6. The constraint (3.13) actually contains in the above-mentioned paper [25] in equality (21)
for the generators of the twisted SUSY algebra.
4 General analysis of a connection of ψ and θ spinors with
real tensor quantities
The above analysis has shown that the most general mapping suggested in section 3 with real
tensor quantities (2.3), (2.4), (3.3) and (3.5) is not one-to-one mapping. Substituting the tensor
structures into (3.4) we do not come to identity in no values of the coefficient functions. In this
section we would like to analyze a reason for this circumstance by using to some extent more
general approach. Answer the question of one-to-oneness of the inverse mapping will be the
additional result of this analysis, i.e. a result of a substitution of the mapping (3.4) back into
tensor structures (2.3), (2.4), (3.3) and (3.5).
The problem of defining the mapping (ψ, ψ¯) ⇄ (ξµ, ξ5, . . .) stated in this paper is in fact
a part of more general analysis of a connection between spinors (Dirac, Majorana or Weyl
ones) and Lorentz-invariant real or complex tensor aggregates. In the case of one commuting
c-number Dirac spinor and 16 real commuting bilinear quantities that are formed by the given
spinor, such a problem has been studied by Takahashi [27], Kaempffer [28] and from a different
viewpoint by Zhelnorovich [29–31]. The latter considers also more special cases of Majorana and
Weyl spinors, and most important for us the problem of a connection of two commuting spinors
with appropriate tensor set. In subsequent discussion we will follow essentially by Zhelnorovich
[30, 31].
In the problem under consideration we also have at hand two (Dirac) spinors ψα and θα
(although in our case the latter plays an auxiliary role). However, the second spinor as distinct
from the works [30,31] is classical anticommuting one. For the convenience of further references
we written out once more all required formulas. We consider that a connection of even spinor
ψα with real tensor quantities is defined by the formula
ψ =
[
κ ξµ(γ
µγ5θ) + α ξ5(γ5θ)
]
+ ρ ∗ζµν(σ
µνγ5θ) +
[
κˆ ξˆµ(γ
µθ) + αˆ ξˆ5θ
]
, (4.1)
where in turn a connection of the tensor quantities with the original spinor ψ is given by
formulas
ξµ =
1
2
{
β(θ¯γµγ5ψ)− β∗(ψ¯γ5γµθ)
}
,
ξ5 =
1
2
{
β˜(θ¯γ5ψ)− β˜∗(ψ¯γ5θ)
}
,
∗ζµν =
1
2
{
s(θ¯σµνγ5ψ)− s∗(ψ¯γ5σµνψ)
}
,
ξˆµ =
1
2
{
βˆ(θ¯γµψ) + βˆ
∗(ψ¯γµθ)
}
,
ξˆ5 =
1
2
{
ˆ˜β(θ¯ψ) + ˆ˜β∗(ψ¯θ)
}
.
(4.2)
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Furthermore, we introduce by definition a (real) tensor aggregate that are formed only by the
odd spinor θ:
S ≡ θ¯θ, P ≡ θ¯γ5θ, Vµ ≡ θ¯γµθ, Aµ ≡ θ¯γµγ5θ, ∗Tµν ≡ θ¯σµνγ5θ. (4.3)
A spinor of the second rank in the form θ¯βθα can be identically presented in terms of these
tensor quantities
θ¯βθα =
1
4
{
Sδαβ + Vµ(γ
µ)αβ +
1
2
∗Tµν(σ
µνγ5)αβ −Aµ(γµγ5)αβ + P (γ5)αβ
}
. (4.4)
Let us consider a spinor structure of a mixed type including both the even ψα and odd θα
spinors
λ θ¯βψα + λ
∗ψ¯βθα,
where λ is some complex number, which without loss of generality can be set equal to eiφ. Let
us define for this expression an expansion similar to (4.4) making use the definitions (4.2) as
real tensor quantities
eiφ θ¯βψα + e
−iφ ψ¯βθα (4.5)
=
1
4
{
a1 ξˆ5δαβ + a2 ξˆµ(γ
µ)αβ + a3
∗ζµν(σ
µνγ5)αβ + a4ξµ(γ
µγ5)αβ + a5ξ5(γ5)αβ
}
.
The constants a1, . . . , a5 on the right-hand side are connected with the coefficients
ˆ˜
β, βˆ, . . . , β
in (4.2) by the relations
a1 = a
∗
1 = 2
eiφ
ˆ˜
β
, a2 = a
∗
2 = 2
eiφ
βˆ
, a3 = a
∗
3 =
eiφ
s
,
a4 = a
∗
4 = −2
eiφ
β
, a5 = a
∗
5 = 2
eiφ
β˜
.
(4.6)
The expression (4.5) as well as (4.4) is exact. Our question is as follows: is it possible to recover
Dirac the commuting spinor ψα by using only tensor aggregate (4.2), i.e. is it the expansion
(4.1) true? According to V.A. Zhelnorovich the answer to this question lies in the expansion
(4.5). Let us contract expression (4.5) with a spinor θβ
eiφ(θ¯θ)ψα + e
−iφ(ψ¯θ)θα
=
1
4
{
a1 ξˆ5θα + a2 ξˆµ(γ
µθ)α + a3
∗ζµν(σ
µνγ5θ)α + a4ξµ(γ
µγ5θ)α + a5ξ5(γ5θ)α
}
.
Here, on the right-hand side we have the correct expression as it was written out in (4.1). On
the left-hand side the first term also gives us the correct answer, but the second term spoils a
pattern. It does not enable us to express uniquely the ψα spinor in terms of real tensor variables
(4.2) and (4.3). Here, it is necessary to start from the more general form
θ¯βψα =
1
4
{
b1W
(S)δαβ + b2W
(V)
µ (γ
µ)αβ + b3
∗W (T )µν (σ
µνγ5)αβ + b4W
(A)
µ (γ
µγ5)αβ + b5W
(P)(γ5)αβ
}
.
Contracting the last expression with θβ or with (γ5θ)β and so on we can define ψα in terms of
the real tensors (4.3) and complex tensor quantitiesW (S),W
(V)
µ , . . . . The last ones are connected
with (4.2) by relations of the form
ξˆ5 =
1
2
{
b1W
(S) + b∗1
(
W (S)
)∗}
,
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etc. We thus come to the important conclusion that the more general Dirac spinor ψα cannot
be presented in the form of an expansion in the real tensor quantities (4.2) only. Therefore if
we wish to obtain a complete one-to-oneness of the mapping (ψ, ψ¯)⇄ (ξ5, ξµ, . . .) we must use
some additional suggestions. The simplest of them is to restrict a class of the spinor ψα as well
as θα to Majorana one, i.e. to require that they satisfy the condition
ψ = ψc, θ = θc,
where ψc and θc are the charge-conjugate spinors. In this case, instead of (4.2) we will have
ξµ = i Imβ (θ¯γµγ5ψ),
ξ5 = Reβ˜ (θ¯γ5ψ),
and so on. If we now substitute these expressions into (4.1), we obtain
ψ =
{
iκ Imβ(θ¯γµγ5ψ)(γ
µγ5θ) + αReβ˜ (θ¯γ5ψ)(γ5θ)
}
+ ρRes(θ¯σµνγ5ψ)(σ
µνγ5θ)
+
{
κˆRe
˜ˆ
β (θ¯γµψ)(γ
µθ) + iαˆ Im
ˆ˜
β(θ¯ψ)θ
}
.
Here, the terms containing a product of two anticommiting spinors θγθδ formally vanish and thus
equation (3.9) disappears. Recall that it is this equation that gives no way of construction of the
one-to-one mapping (ψ, ψ¯)⇋ (ξµ, ξ5, . . .) with the Dirac spinor. Thus for the Majorana spinors
we are left only with the system (3.6) with known modification of the coefficient functions.
Instead of relations (3.7) now we will have
αReβ˜ = i αˆ Im ˆ˜β, iκ Imβ = −κˆReβˆ,
κ Imβ =
i
4(θ¯θ)
, αReβ˜ =
1
4(θ¯θ)
, ρRes =
1
8(θ¯θ)
.
Certainly, in the case of Majorana spinors the four-component formalism is not technically
optimal. Here, it is more adequately to use the two-component Weyl formalism
ψM =
(
ψα
ψ¯α˙
)
, θM =
(
θα
θ¯α˙
)
, (4.7)
where now α, α˙ = 1, 2. In two-component notations the mapping (4.1) takes a form
ψα =
[
κ ξµ(σ
µ)αα˙ θ¯
α˙ − α ξ5θα
]
− iρ ∗ζµν(σµν) ·βα · θβ +
[
κˆ ξˆµ(σ
µ)αα˙ θ¯
α˙ + αˆ ξˆ5θα
]
. (4.8)
Here, in the notation of the book [32] we have
σµ ≡ (I, σ), σ¯µ ≡ (I, −σ), σµν ≡ 1
4
(σµσ¯ν − σν σ¯µ), σ¯µν ≡ 1
4
(σ¯µσν − σ¯νσµ),
and the coefficients obey the conditions
κ = −κ∗, α = −α∗, ρ = ρ∗, κˆ = κˆ∗, αˆ = αˆ∗.
The term defining interaction of spin with background gauge field in these variables takes a
form2
− eg
4
QaF aµν(ψ¯σ
µνψ) =
ieg
2
QaF aµν
(
ψα(σµν)·βα ·ψβ
)
+
ieg
2
QaF aµν
(
ψ¯α˙(σ¯µν)· β˙α˙ · ψ¯β˙
)
,
2Here, it must be understood that on the left-hand side the (4 × 4) σ-matrix stands and on the right-hand
side (2× 2) σ-matrix does.
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and the kinetic term is
1
2i
(
dψ¯
dτ
ψ − ψ¯ dψ
dτ
)
=
1
2i
(
dψα
dτ
ψα − ψα dψα
dτ
)
+
1
2i
(
dψ¯α˙
dτ
ψ¯α˙ − ψ¯α˙ dψ¯
α˙
dτ
)
.
Ipso facto, if an external fermion field is absent in the system, then a part of Lagrangian (1.4)
responsible for a description of spin degree of freedom can be written in terms of only one
variable, that is by means of the two-component spinor ψα:
Lspin =
1
2i
(
dψα
dτ
ψα − ψα dψα
dτ
)
+
ieg
2
QaF aµν
(
ψα(σµν)·βα ·ψβ
)
,
and the (one-to-one) mapping into real tensor variables can be defined by (4.8).
The situation qualitatively changes in the presence of the external fermion field Ψiα(x) that
in the general case should be considered as the Dirac one. It is clear that such a field inevitably
violates the representations (4.7) for Majorana spinors. Here one can follow the next line. As
known, a general Dirac spinor ψD can be always written in terms of two Majorana spinors
ψD = ψ
(1)
M + ψ
(2)
M , (4.9)
where
ψ
(1)
M =
1
2
(ψD + ψ
c
D), ψ
(2)
M =
1
2i
(ψD − ψcD).
Such a decomposition can be performed both for the background fermion field Ψiα(x) and for
spinors ψα and θα. Then for each of Majorana spinors ψ
(i)
M , i = 1, 2 we define own set of odd
real currents ξ
(i)
µ , ξ
(i)
5 , ξ
(i)
µν , . . . , such that
ψ
(1)
M =
[
κ1 ξ
(1)
µ (γ
µγ5θ
(1)
M ) + α1 ξ
(1)
5 (γ5θ
(1)
M )
]
+ ρ1
∗ζ (2)µν (σ
µνγ5θ
(1)
M ) + . . . ,
ψ
(2)
M =
[
κ2 ξ
(2)
µ (γ
µγ5θ
(2)
M ) + α2 ξ
(2)
5 (γ5θ
(2)
M )
]
+ ρ2
∗ζ (2)µν (σ
µνγ5θ
(2)
M ) + . . . .
(4.10)
Running ahead, notice that in section 8 on the construction in an explicit form of the auxiliary
odd spinor θα in terms of the field Ψ
i
α(x) in footnote 3 it is pointed that there exist two
possibilities of the choice of θα as Majorana spinor, Eq. (8.3). Thus in formulas (4.10) the first
expression in (8.3) can be used as θ
(1)
M and the second one can be used as θ
(2)
M . In doing so at
the cost of doubling real tensor quantities we can construct sufficiently consistent description
of dynamics of a color particle with half-integer spin, moving in background non-Abelian Dirac
fermionic field.
One additional remark is in order. As known [33–36], for a description of particles with spin
s = n/2 it is necessary to introduce n real tensor structures. Thus for n = 2, as it takes place in
Eq. (4.10) we deal with particle with spin 1. In principle this is sufficiently reasonable if recall
that our particle due to the interaction with the background fermion field changes its statistics,
namely, it turns from Dirac spinor into a vector boson and vice versa. A description of such a
particle with variable spin in terms of a single set of functions, for example (ξµ, ξ5, . . .), will be
most likely insufficient.
Concluding this section, for completeness let us consider the problem of inverse substitution
of the expression (4.1) into real tensor variables (4.2). A direct analysis of such a substitution
is too cumbersome. Following Zhelnorovich [30, 31], we proceed as follows. Let us multiply
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together two exact structures (4.4) and (4.5). On the left-hand side we will have an expression
of the form
θ¯βθα
(
eiφ θ¯δψγ + e
−iφψ¯δθγ
)
. (4.11)
One can obtain every possible bilinear equations that relate two systems of tensor aggregates
(4.2) and (4.3), making cross-contraction of (4.11) with respect to spinor indices with different
combinations of 16 independent generators of the Clifford algebra: I, γ5, γµ, iγµγ5 and σµν . Let
us consider, for example, convolution with the simplest structure
δβγδδα.
By virtue of (4.6) we will have
− 1
2
a1(θ¯θ) ξˆ5 = (4.12)
=
1
4
{
a1(θ¯θ) ξˆ5 + a2 (θ¯γµθ) ξˆ
µ + a3(θ¯σµνγ5θ)
∗ζµν + a4(θ¯γµγ5θ)ξ
µ + a5 (θ¯γ5θ)ξ5
}
.
This expression is identically obeyed by virtue of the initial construction. From the other hand,
let us substitute (4.1) into expression ξˆ5 in (4.2)
ξˆ5 = −1
2
( ˆ˜βαˆ + ˆ˜β∗αˆ∗)(θ¯θ) ξˆ5 − 1
2
( ˆ˜βκˆ+ ˆ˜β∗κˆ∗)(θ¯γµθ) ξˆµ−
− 1
2
( ˆ˜
βρ+
ˆ˜
β∗ρ∗
)
(θ¯σµνγ5θ)
∗ζµν − 1
2
( ˆ˜
βκ− ˆ˜β∗κ∗)(θ¯γµγ5θ)ξµ − 1
2
( ˆ˜
βα+
ˆ˜
β∗α∗
)
(θ¯γ5θ)ξ5
}
.
Comparing the above expression with (4.12) we lead to the following relations for the coefficients
S-channel:
ˆ˜
βαˆ +
ˆ˜
β∗αˆ∗ =
1
(θ¯θ)
,
V-channel:
ˆ˜
βκˆ+
ˆ˜
β∗κˆ∗ =
( ˆ˜β
βˆ
)
1
(θ¯θ)
,
T-channel:
ˆ˜
βρ+
ˆ˜
β∗ρ∗ =
1
2
( ˆ˜β
s
)
1
(θ¯θ)
,
A-channel:
ˆ˜
βκ− ˆ˜β∗κ∗ = −
( ˆ˜β
β
)
1
(θ¯θ)
,
P-channel: ˆ˜βα+ ˆ˜β∗α∗ =
( ˆ˜
β
β˜
)
1
(θ¯θ)
.
By using the relations (3.7) obtained early, it is not difficult to show that the equation for
S-channel is identically satisfied, while the remaining ones are reduced to
V-channel:
( ˆ˜
β∗
ˆ˜β
)
βˆκˆ∗ =
1
2(θ¯θ)
,
T-channel:
( ˆ˜β∗
ˆ˜
β
)
sρ∗ =
1
4(θ¯θ)
,
A-channel:
( ˆ˜
β∗
ˆ˜
β
)
βκ∗ = − 1
2(θ¯θ)
,
P-channel:
( ˆ˜β∗
ˆ˜β
)
β˜α∗ =
1
2(θ¯θ)
.
(4.13)
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The relations of the form
βˆκˆ∗ = −βκ∗ = 2sρ∗ = β˜α∗ (4.14)
will be particular consequence of the expressions obtained. In fact these relations (as however
and (4.13)) are relations for phases of the coefficient functions. However, it is possible to show
that the relations (4.14) contradict both the system of equations for phases (3.10) and (3.11).
This is not surprising, since according to (4.6) the phases of coefficient functions must be
identical (accurate within shift over π), that evident contradict, for example, (3.12).
Thus in spite of the fact that we do not have contradiction with the main system of algebraic
equations (3.6), which follows from a direct substitution of (4.2) into (4.1), here we again have
contradiction in equations for phases of the desired coefficient functions.
In Appendix C the problem of inverse mapping of the bilinear combination ξµξν is also
considered.
5 Map (ψ, ψ¯) → (ξµ, ξ5) subject to contribution of odd pseudo-
tensor ∗ζµν
In section 2 we have considered the simplest map of the form (ψ, ψ¯) → (ξµ, ξ5) and shown
evident contradiction in algebraic equations for unknown coefficient function κ in (2.1). Thus,
under a mapping of the kinetic term (2.7) we have obtained the following condition:
|κ|2(θ¯θ) = 1
2
, (5.1)
while in the analysis of the mapping of the interaction term, Eq. (2.13), it was derived the
condition
|κ|2(θ¯θ) = −1. (5.2)
As was mentioned in section 2, one reason of this contradiction is that such a simple choice of
the map (2.1) is not complete, i.e. we lose some additional contributions.
Let us consider a more general expansion of the form (4.1). It is evident that the contribution
with odd vector ξˆµ (and especially, the contribution with odd scalar ξˆ5) hardly will solve the
problem. At the end of section 3 it was mentioned that the vector ξˆµ should be most likely
proportional to the four-velocity x˙µ, where the coefficient of proportionality is some odd scalar.
Therefore the interaction terms involving ξˆµ can never represent a purely spin interaction of a
particle with a background field. The term in (4.1) containing the odd pseudotensor ∗ζµν is a
different matter. According to (3.13) it can be expressed in terms of the pseudovector ξµ and
there is a good reason to believe that it can generate additional contributions of the required
form both in the kinetic terms (2.8) and in force term in (2.12). These new contributions
may allow to overcome the above difficulty. Thus we extend the map (2.1), (2.2) adding the
pseudotensor term
ψ = κ ξµ(γ
µγ5θ) + ρ
∗ζµν(σ
µνγ5θ) + . . . ,
ψ¯ = −κ∗(θ¯γ5γµ)ξµ − ρ∗(θ¯γ5σµν) ∗ζµν − . . . ,
(5.3)
where the dots refers to the term with ξ5 which doesn’t play any role in this section and therefore
it will be omitted.
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At first, let us consider the mapping of the kinetic term (2.7). An additional contribution
of the pseudotensor only to this mapping has a form
− iρ∗(θ¯γ5σµν) ∗ζµν
[
dρ
dτ
∗ζλσ(σ
λσγ5θ) + ρ
d ∗ζλσ
dτ
(σλσγ5θ) + ρ
∗ζλσ
(
σλσγ5
dθ
dτ
)]
.
Here, our concern is only with the second term in square brackets. Let us written out it
separately
− i|ρ|2(θ¯σµνσλσθ) ∗ζµν d
∗ζλσ
dτ
. (5.4)
Further, we make use of the formula for the product of two σ-matrices, Eq. (B.3) in Appendix
B. Here, we restrict again our consideration to the contribution from only the identity spinor
matrix to the right-hand side of (B.3). This gives us, instead of (5.4)
− 2i|ρ|2 (θ¯θ)
(
∗ζµν
d ∗ζµν
dτ
)
+ . . . .
Finally, in the expression obtained we use an explicit form of ∗ζµν presented by the four-velocity
x˙µ and odd pseudovector ξµ:
∗ζµν = x˙µξν − x˙ν ξµ. (5.5)
Taking into account the above mentioned, we obtain the contribution of interest to us of the
pseudotensor to kinetic term
− 2i|ρ|2 (θ¯θ)
{
2x˙2ξµ
dξµ
dτ
+ (x˙µ x¨ν − x˙ν x¨µ) ξµξν + (ξ˙µξν + ξ˙ν ξµ) x˙µ x˙ν
}
+ . . . . (5.6)
The first term here has a required form. It is necessary to add the given expression to (2.8).
Now we turn to analysis of the interaction term of a form
− eg
4
QaF aµν(ψ¯σ
µνψ). (5.7)
Let us consider the contribution of pseudotensor ∗ζµν to interaction, i.e. in the expression above
we set
ψ ∼ ρ ∗ζµν(σµνγ5θ), ψ¯ ∼ −ρ∗(θ¯γ5σµν) ∗ζµν .
Then the spin tensor in (5.7) takes a form
1
2
(ψ¯σµνψ) =
1
2
|ρ|2(θ¯σρδσµνσλσθ) ∗ζρδ ∗ζλσ. (5.8)
Here, it is necessary to use an expansion of the product of three σ-matrices. The general form
of such an expansion is given in Appendix B, Eq. (B.4). We will need only take the first term on
the right-hand side of (B.4). Substituting this term instead of the product of three σ-matrices
in (5.8), taking into account (5.5), and collecting like terms, we obtain the following simple
expression
1
2
(ψ¯σµνψ) = 4i|ρ|2(θ¯θ)
{
x˙2ξµξν + (x˙µξν − x˙ν ξµ)(x˙ · ξ)
}
+ . . . . (5.9)
Here the required contribution proportional to ξµξν arises. It needs to be added to the first term
in (2.12). With allowance made for the new additional terms, the algebraic equations (5.1) and
(5.2) go over into the following equations
|κ|2(θ¯θ) + 4x˙2 |ρ|2(θ¯θ) = 1
2
,
|κ|2(θ¯θ) + 4x˙2 |ρ|2(θ¯θ) = −1.
(5.10)
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Unfortunately, the system still remains inconsistent. The additional terms have appeared in
symmetric fashion, in spite of the fact that they resulted from a much different terms in the
initial Lagrangian (1.4).
Let us try to consider mixed contributions, i.e. contributions of the product of the pseudovec-
tor term with the pseudotensor one in the map (5.3). For kinetic term (2.7) the mixed contribu-
tion has the following form:
iκ∗ρ(θ¯γµσνλθ) ξµ
d ∗ζνλ
dτ
+ iκρ∗(θ¯σνλγµθ) ∗ζνλ
dξµ
dτ
.
Taking into account the expansion formulas (B.2) for the product of γ- and σ-matrices and also
(5.5), from the last expression we get
− 2(κ∗ρ− κρ∗)[(θ¯γνθ)x˙ν]ξµ dξµ
dτ
− 2κ∗ρ[(θ¯γνθ)ξν](ξ · x¨)
+ 2
{
κ∗ρ(θ¯γνθ)x˙µ − κρ∗(θ¯γµθ)x˙ν
}
ξµ
dξν
dτ
− 2iκ∗ρǫµνλσξµξν(θ¯γλγ5θ)x¨σ − 2i(κ∗ρ− κρ∗)ǫµνλσ ξµ dξν
dτ
(θ¯γλγ5θ) x˙σ.
(5.11)
Here, the first term has the wanted structure: ξµ ξ˙
µ. However, in contrast to the direct contribu-
tions (2.8) and (5.6), this term has more tangled coefficient function proportional to convolution
(θ¯γνθ) x˙ν . It hints at that at least phases of the coefficient functions κ and ̺ can depend on
four-velocity of particle x˙µ. This is not quite clear from the physical point of view.
Let us define an mixed contribution in the mapping of the tensor of spin 1
2
(ψ¯σµνψ). Here,
we have the following expression of the mixed type
−
{
κ∗ρ (θ¯γρσµνσλσθ) − κρ∗(θ¯σλσσµνγρθ)
}
ξρ
∗ζλσ. (5.12)
For the product of spinor matrices one needs to use sequentially expansions (B.2) and (B.3). If
we keep only the required terms containing the product ξµξν, then the calculations lead to the
following expression
1
2
(ψ¯σµνψ)
∣∣∣
mix.
= 2(κ∗ρ− κρ∗)[(θ¯γλθ)x˙λ]ξµξν + . . . . (5.13)
If we now add the additional contributions from the mixed terms in (5.11) and (5.13) to algebraic
system (5.10), then we again obtain a perfect coincidence of the left-hand sides of these equations
|κ|2(θ¯θ) + 4x˙2 |ρ|2(θ¯θ) − 2i(κ∗ρ− κρ∗)[(θ¯γλθ)x˙λ] = 1
2
,
|κ|2(θ¯θ) + 4x˙2 |ρ|2(θ¯θ) − 2i(κ∗ρ− κρ∗)[(θ¯γλθ)x˙λ] = −1 (5.14)
and the system remains inconsistent.
In this situation we can take the last step. We turn to expression (5.6) for contribution
to the kinetic term iψ¯ (dψ/dτ) from the pseudotensor ∗ζµν . In the first equation of algebraic
system (5.14) we have taken into account the contribution only from the first term in braces
in (5.6). However, we can single out another required contribution from the third term of the
following form:
2x˙µx˙ν ξ˙µξν = a
µνξµ
dξν
dτ
, (5.15)
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where aµν ≡ −2x˙µ x˙ν . Let us present the function aµν in the following form:
aµν =
1
4
gµνaλλ + (traceless piece) = −
1
2
gµν x˙2 + . . . . (5.16)
With allowance for the last expression from (5.6) we single out more accurately the required
contribution to kinetic term
iψ¯
dψ
dτ
∼ − 2i|ρ|2(θ¯θ)
{
2x˙2ξµ
dξµ
dτ
+
(
−1
2
)
x˙2ξµ
dξµ
dτ
+ . . .
}
(5.17)
= − 3i|ρ|2(θ¯θ)x˙2ξµ dξ
µ
dτ
+ . . . .
Furthermore, let us consider a mixed contribution of ξµ and
∗ζµν to the kinetic term, i.e.
the expression (5.11). In the first equation of system (5.14) we have also taken into account
the contribution only from the first term in (5.11). However, it is possible to single out another
relevant contribution from the third term in (5.11) following the same rule (5.15) and (5.16),
where we should set
aµν ≡ 2
{
κ∗ρ(θ¯γνθ)x˙µ − κρ∗(θ¯γµθ)x˙ν
}
=
1
2
gµν(κ∗ρ− κρ∗)[(θ¯γλθ)x˙λ]+ . . . .
Thus a more accurate analysis for the mixed contribution leads to
iψ¯
dψ
dτ
∣∣∣∣
mix.
∼ −3
2
(κ∗ρ− κρ∗)[(θ¯γλθ)x˙λ] ξµ dξµ
dτ
+ . . . . (5.18)
Now we turn our attention to consideration of the spin tensor 1
2
(ψ¯σµνψ). Fist we consider
the direct contribution to the spin tensor from ∗ζµν , i.e. Eq. (5.9). In the second equation of the
system (5.14) we have taken into account the contribution only from the first term in braces
in (5.19). However, here there exist a required contribution which is contained in the second
term. To single out the relevant contribution we rewritten (5.9) in the following form:
1
2
(ψ¯σµνψ) = 8i|ρ|2(θ¯θ)x˙2ξµξν + 1
2
bµνλσξλξσ, (5.19)
where
bµνλσ= 4i|ρ|2(θ¯θ)
{(
x˙µx˙σgνλ − x˙ν x˙σgµλ)− (x˙µx˙λgνσ − x˙ν x˙λgµσ)}. (5.20)
From the previous expression we pick out the required term by the following rule:
bµνλσ= b
(
gµλgνσ − gµσgνλ)+ (and all), (5.21)
where
b =
1
12
gµλgνσb
µνλσ
or for the specific case (5.20) we take
b = −2i|ρ|2(θ¯θ)x˙2.
Thus the analysis performed enables us to obtain instead of (5.9) the more exact expression
1
2
(ψ¯σµνψ) = i|ρ|2(θ¯θ)
{
4 x˙2ξµξν − x˙2(gµλgνσ − gµσgνλ)ξλξσ + . . .} (5.22)
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= 2i|ρ|2(θ¯θ)x˙2ξµξν + . . . .
Finally, let us analyze a mixed contribution to the spin tensor, expression (5.12). A somewhat
more cumbersome analysis within the presentation (5.19) – (5.21) allows us to single out other
contributions similar to (5.13). In doing so we obtain instead of (5.13) the more exact expression
1
2
(ψ¯σµνψ)
∣∣∣
mix.
=
1
2
(κ∗ρ− κρ∗)[(θ¯γλθ)x˙λ]ξµξν + . . . . (5.23)
Taking into account all the above-obtained expression (5.17), (5.18), (5.22) and (5.23), we
derived instead of the system (5.14)
|κ|2(θ¯θ) + 3x˙2 |ρ|2(θ¯θ) − 3i
2
(κ∗ρ− κρ∗)[(θ¯γλθ)x˙λ] = 1
2
,
|κ|2(θ¯θ) + 2x˙2 |ρ|2(θ¯θ) − i
2
(κ∗ρ− κρ∗)[(θ¯γλθ)x˙λ] = −1. (5.24)
The system obtained is consistent at least at a formal level. If we make use of the representation:
ρ = |ρ|eiϕ and κ = |κ|eiφ, then for the coefficient function κ∗ρ− κρ∗ we will have
κ∗ρ− κρ∗ = 2i|ρ||κ| sin(ϕ− φ).
Thus the algebraic system (5.24) relates among themselves three unknown functions: |ρ|, |κ|
and difference of phases ϕ− φ.
6 Connection with Polyakov’s Lagrangian
In the previous section we have considered the additional contributions which is generated by
the pseudotensor term ∗ζµν in the form of (5.5) to one-sided map (ψ, ψ¯) → (ξµ, ξ5). It was
shown that besides the terms of the usual type a number of the rather interesting additional
contributions in the mapped Lagrangian appears in both the kinetic term (5.6) and interaction
term, Eqs. (5.7), (5.9). In this section we would like to consider these contributions in more
detail and trace rather unusual connection of certain of them with expressions (A.2), (A.3) in
the form presented by A.M. Polyakov [38].
First we consider the kinetic term (5.6). We write out an initial functional integral for a
supersymmetric part in which the action is defined by Lagrangian (A.1) without regard for the
interaction terms with gauge external field
Z =
∫
DxµDξµDχDeDξ5 exp
{
−
1∫
0
dτ
[
− 1
2e
x˙µ x˙
µ − i
2
ξµ ξ˙
µ − e
2
m2
+
i
2e
χx˙µξ
µ +
i
2
ξ5 ξ˙5 +
i
2
mχξ5
]}
.
(6.1)
Furthermore, we follow the reasoning by A.M. Polyakov [38]. Our first step is the functional
integrating over ξ5 according to formula
∫
Dξ5 exp
{
−
1∫
0
dτ
[
i
2
ξ5 ξ˙5 +
i
2
mχξ5
]}
= exp
{
−im
2
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1∫
0
1∫
0
dτ1dτ2 sign(τ1 − τ2)χ(τ1)χ(τ2)
}
.
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Integral over the gravitino field χ is also Gaussian one. Performing the χ integration with
allowance for the last equality, we obtain the following expression for the functional integral,
instead of (6.1),
Z =
∫
DxµDξµDe exp
{
−
1∫
0
dτ
[
− 1
2e
x˙µx˙
µ − i
2
ξµ ξ˙
µ − e
2
m2 +
i
m2
(
1
e
(x˙ · ξ)
)
d
dτ
(
1
e
(x˙ · ξ)
)]
− i
4m2
1∫
0
1∫
0
dτ1dτ2 sign(τ1 − τ2) d
dτ1
(
1
e
(x˙ · ξ)
)
d
dτ2
(
1
e
(x˙ · ξ)
)}
=
∫
DxµDξµDe exp
{
−
1∫
0
dτ
[
− 1
2e
x˙µx˙
µ − i
2
ξµ ξ˙
µ − e
2
m2
− i
2m2e2
ωµν [x(τ)]ξ
µξν − i
4m2e2
(ξµξ˙ν + ξν ξ˙µ)x˙µx˙ν
]
+
i
2m2
[
1
e
(x˙ · ξ)
]
τ=1
[
1
e
(x˙ · ξ)
]
τ=0
}
.
(6.2)
Here, the function
ωµν [x(τ)] ≡ 1
2
(x˙µx¨ν − x˙µx¨ν)
has been introduced by A.M. Polyakov. It is the notation of the tangent vector to the trajectory.
An expression similar to (6.2) was also considered in the different context in work [39] (Eq. (36)).
According to the obtained expression (6.2), if we drop boundary term, we can choose as a
Lagrangian the following expression, instead of (A.1),
L =− 1
2e
x˙µ x˙
µ − e
2
m2
− i
2
ξµ ξ˙
µ − i
4m2e2
{
(x˙µx¨ν − x˙ν x¨µ)ξµξν + (ξµξ˙ν + ξν ξ˙µ)x˙µx˙ν
}
+ . . . .
(6.3)
Formally, it is explicitly independent of the pseudoscalar ξ5 and gravitino χ. On the other
hand, according to the results of the previous section we can define a mapping of initial
Lagrangian (1.4) without consideration of the odd pseudoscalar ξ5 and not to go much on
local supersymmetry closely related to the terms with the odd variable χ. In other words we
take map (5.3) in which the contribution with ξ5 has been dropped and choose the pseudotensor
∗ζµν in the form (5.5). In accordance with the results of sections 2 and 5 the mapping of kinetic
term (2.7) will have a form
i
(
|κ|2 + 4x˙2|ρ|2
)
(θ¯θ)ξµ ξ˙
µ + 2i|ρ|2(θ¯θ)
{
(x˙µx¨ν − x˙ν x¨µ)ξµξν − (ξµξ˙ν + ξν ξ˙µ)x˙µx˙ν
}
. (6.4)
Here, we have kept only terms proportional to (θ¯θ). Comparing this expression with (6.3) we
see practically perfect similarity in the structure! The only distinction of (6.3) from (6.4) is in
different signs between two terms in braces. However, it is this difference that gives impossibility
to obtain consistent algebraic system for unknown coefficients χ and ρ. In spite of the similarity
in structure they are still different, since they have different sources. In the case of Lagrangian
(6.3) the terms in braces come from the following derivation:
(x˙ · ξ) d
dτ
(x˙ · ξ) = (x˙µξµ)(x¨ν ξν + x˙ν ξ˙ν) = 1
2
(x˙µ x¨ν − x˙ν x¨µ)ξµξν + 1
2
(ξµξ˙ν + ξν ξ˙µ)x˙µx˙ν ,
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while in the latter case (6.4) they are produced by derivative of more complex object
∗ζµν
d ∗ζµν
dτ
= (x˙µξν − x˙ν ξµ)
{
(x¨µξν − x¨ν ξµ) + (x˙µ ξ˙ν − x˙ν ξ˙µ)
}
= 2x˙2ξµ
dξµ
dτ
+ (x˙µ x¨ν − x˙ν x¨µ)ξµξν − (ξµξ˙ν + ξν ξ˙µ)x˙µx˙ν .
The Lagrangian (6.3) is still SUSY-invariant (up to the total derivative). The residual supersym-
metric transformation is
δxµ = iαξµ,
δe = iα
2
m2
d
dτ
(
1
e
(x˙ · ξ)
)
,
δξµ = −αx˙µ1
e
+ iαξµ
1
em2
d
dτ
(
1
e
(x˙ · ξ)
)
.
We would like to say a few words concerning new interaction terms with a background gauge
field that are generated by the odd pseudotensor (5.5). By virtue of (5.9) the most simple term
of the interaction has the following form:
∼ egQaF aµν(x˙µξν − x˙ν ξµ)(x˙ · ξ). (6.5)
If there exist only the background bosonic field in a system, then by chousing the proper-time
gauge e = 1/m, χ = 0, and ξ5 = 0 (see Appendix A) this contribution can be vanishing by
virtue of the constraint
x˙ · ξ = 0. (6.6)
Recall that this constraint is obtained by varying Lagrangian (A.1) over variable χ. However,
in the presence of a background fermionic field, a situation can drastically change. In our next
paper [37] we will present a more general approach to construction of interaction terms with
the external fermionic field (see Conclusion). The appearance of new terms in Lagrangian (1.9)
containing the one-dimensional gravitino field χ as a multiplier is one of nontrivial consequence
of this approach. The expression in the form
LχΨ = χ
{
θ†i(θ¯αΨ
i
α)− (Ψ¯iαθα)θi
}
+ . . . (6.7)
is the simplest of them. Taking into account this circumstance instead of the constraint (6.6)
now we will have
x˙ · ξ = 2i
m
{
θ†i(θ¯αΨ
i
α)− (Ψ¯iαθα)θi
} 6= 0
and, correspondingly, interaction term (6.5) takes a form
∼ 2ig
m2
QaF aµν(x˙
µξν − x˙ν ξµ){θ†i(θ¯αΨiα)− (Ψ¯iαθα)θi} .
One can make an assumption that the pseudotensor contribution to map (5.3) will give actually
new interaction terms only in the presence of background fermion field in the system.
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7 Mapping into supersymmetric Lagrangian
We have spoken repeatedly that our initial Lagrangian (1.4) written in terms of the commutative
variable ψα is devoid of any supersymmetry. Therefore it can be mapped into other nonsuper-
symmetric Lagrangian. The terms containing the fermion counterpart χ to the vierbein field e,
namely
i
2e
χx˙µξ
µ,
im
2
χξ5 (7.1)
cannot appear in principle in any map. Counterparts of these two terms a priory must be
contained in the initial Lagrangian (1.4). In this section we would like to show how the terms
of such a kind can really appear in (1.4).
The basic idea in determining such terms consist in the use of an extended Hamiltonian
or superHamiltonian in the construction of the spinning equation (1.4). Hamiltonians of such
a kind have been considered in a few papers for different reasons. Thus in papers by Borisov,
Kulish [15] and Fradkin, Gitman [40] it was used in the construction of the Green’s function
of a Dirac particle in an background non-Abelian gauge field. Within operator formalism this
superHamiltonian has a form
− 2mHˆSUSY =
(
DˆµDˆ
µ +
1
2
gσˆµνF
aµνTˆ a −m2
)
+ iχ
(
Dˆµγˆ
µ +m
)
. (7.2)
All quantities with hats above represent operators acting in appropriate spaces of representa-
tions of the spinor, color and coordinate algebras; χ is an odd variable. Analogy of introducing of
such a superHamiltonian in the massless limit can be also found in paper by Friedan andWindey
[41] in the construction of the superheat kernel. The last one has been used in calculating of
the chiral anomaly. In the monograph by Thaller [42] within the supersymmetric quantum
mechanics a notion of Dirac operator with supersymmetry has been defined in the most general
abstract form. The expression (7.2) is its special case.
Before studying the general case of the Dirac operator with supersymmetry it is necessary
to recall briefly the fundamental points of deriving the equation of motion for the commuting
spinor ψα, Eq. (1.4). This equation arises when we analyze the connection of the relativistic
quantum mechanics with relativistic classical mechanics, first performed by W. Pauli [4] within
formalism of the first order for fermions. In book [5] this analysis has been performed on the
basis of the second-order formalism [43]. Here, we will follow the second line.
In the second order formalism the initial QCD Dirac equation for the wave function Ψ is
replaced by its quadratic form
− 2mHˆΦ =
(
DµD
µ +
1
2
gσµνF
µν −m2
)
Φ = 0, (7.3)
where a new spinor Φ is connected with initial one by the relation
Ψ =
1
m
(
γµD
µ +m
)
Φ.
In this section we restore Planck’s constant ~ in all formulas. Since we are interested in
interaction of the spin degree of freedom of a particle with external field most, then for the
sake of simplicity we will consider equation (7.3) in the case of interaction with an Abelian
background field. Presence of the color degree of freedom can result in qualitatively new features,
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one of them is appearing a mixed spin-color degree of freedom [44]. In this respect our initial
model Lagrangian (1.4) is simplified and it corresponds to perfect factorization of spin and color
degrees of freedom of a particle. The non-Abelian case also requires appreciable complication
of the usual WKB-method in analysis of Eq. (7.3) that is beyond the scope of this work (see,
for example, [45, 46]).
A solution of equation (7.3) in the semiclassical limit is defined as a series in powers of ~
Φ = eiS/~(f0 + ~f1 + ~
2f2 + . . . ), (7.4)
where S, f0, f1, . . . are some functions of coordinates and time. Substituting this series into
(7.3) and collecting coefficients at the same power of ~, we obtain correct to the first order in ~
~
0 :
(
∂S
∂xµ
+ eAµ
)2
−m2 = 0, (7.5)
~
1 :
[
1
i
∂
∂xµ
(
∂S
∂xµ
+ eAµ
)]
f0 +
2
i
(
∂S
∂xµ
+ eAµ
)
∂f0
∂xµ
+
e
2
σµνF
µνf0 = 0. (7.6)
Furthermore, we introduce into consideration a flux fermion density
sµ ≡ Ψ¯0γµΨ0, (7.7)
where as Ψ0 we take the following expression
Ψ0 =
1
m
(
γµD
µ −m)f0 eiS/~ ≃ 1
m
eiS/~
[
πµγ
µ −m]f0,
πµ ≡ ∂S(x,α)
∂xµ
+ eAµ(x).
Here, α designates three arbitrary constants defining solution for S, Eq. (7.5). In terms of the
spinor f0 the flux density (7.7) has a form
sµ =
2
m2
πµ
[
f¯0(γνπ
ν −m)f0
]
and by virtue of Eqs. (7.5) and (7.6) it satisfies the equation of continuity
∂sµ
∂xµ
= 0.
The equation (1.1) arises from an analysis of equation for the spinor f0 (7.6). This equation
in terms of the function πµ can be written in the compact form
∂πµ
∂xµ
f0 + 2πµ
∂f0
∂xµ
+
ie
2
σµνF
µνf0 = 0. (7.8)
At this point we introduce a new variable
η ≡ 2
m2
[
f¯0(γνπ
ν −m)f0
]
,
such that sµ = πµη. Owing to the continuity equation we have an important relation for this
function
∂πµ
∂xµ
η = −πµ ∂η
∂xµ
. (7.9)
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At the final step we substitute f0 =
√
ηϕ0 into Eq. (7.6). With allowance for (7.9) this equation
has a following form for a new spinor function ϕ0
πµ
∂ϕ0
∂xµ
= −ie
4
σµνF
µνϕ0.
In the book [5] a solution of the equation obtained just above is expressed by means of a
solution of Schrodinger’s equation for the wave function ψα(τ), Eq. (1.1). The latter describes
a motion of spin in a given field Fµν(x). This field is defined along the trajectory of the particle
xµ = xµ(τ,α,β) which in turn is defined from a solution of the equation
m
dxµ
dτ
= πµ(x,α)
with the initial value given by a vector β.
Let us now consider the question of modification of the expressions above if instead of usual
Hamilton operator in equation (7.3) we take its supersymmetric extension, i.e. consider the
equation in the form
− 2mHˆSUSYΦ ≡
{(
DµD
µ +
e~
2
σµνF
µν −m2
)
+ iχ
(
γµγ5D
µ + mγ5
)}
Φ = 0. (7.10)
Here, in the second expression following [40] in parentheses we have introduced the γ5 matrix
into the definition of linear Dirac’s operator. This operator
(
γµγ5D
µ+mγ5
)
should be considered
as an odd function. We will seek also a solution of equation (7.10) in the formal series (7.4) with
the only condition that the function S is considered as an usual commuting function, and the
spinor functions f0, f1, . . . are considered as containing both Grassmann even and odd parts.
The equations (7.5) and (7.6) are modified as follows
~
0 :
(
π2 −m2)f0 + iχ(πµγµγ5 + mγ5)f0 = 0,
~
1 :
(
π2 −m2)f1 + iχ(πµγµγ5 + mγ5)f1 +
+
[
1
i
∂πµ
∂xµ
f0 +
2
i
πµ
∂f0
∂xµ
+
e
2
σµνF
µνf0
]
+ χγµγ5
∂f0
∂xµ
= 0.
The next step is to present the spinors f0 and f1 as a sum of even and odd parts{
f0 = f
(0)
0 + χf
(1)
0 ,
f1 = f
(0)
1 + χf
(1)
1 .
(7.11)
In the decomposition of (7.11) we believe the functions (f
(0)
0 , f
(0)
1 ) are even ones, and (f
(1)
0 , f
(1)
1 )
are odd ones. Another variant of partition in Grassmann evenness will be mentioned at the end
of this section. By the use of (7.11) the equation of zeroth order in ~ is decomposed into two
equations (
π2 −m2)f (0)0 = 0,(
π2 −m2)f (1)0 + i(πµγµγ5 + mγ5)f (0)0 = 0,
the first of which defines the Hamilton-Jacobi equation for the function S, Eq. (7.5), and the
second one is reduced to (
πµγ
µγ5 + mγ5
)
f
(0)
0 = 0.
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Furthermore, the equation of the first order in ~ is also decomposed into two equations
which with the use of (7.5) take the form
1
i
(
∂πµ
∂xµ
)
f
(0)
0 +
2
i
πµ
∂f
(0)
0
∂xµ
+
e
2
σµνF
µνf
(0)
0 = 0,
1
i
(
∂πµ
∂xµ
)
f
(1)
0 +
2
i
πµ
∂f
(1)
0
∂xµ
+
e
2
σµνF
µνf
(1)
0 + γµγ5
∂f
(0)
0
∂xµ
=
(
πµγ
µγ5 + mγ5
)
f
(0)
1 . (7.12)
Notice that the term on the right-hand side of Eq. (7.12) represents the contribution of quantum
correction in contrast to the other terms. The first equation for the even spinor f
(0)
0 is analyzed
similar to previous one by the replacement
f
(0)
0 =
√
ηϕ
(0)
0 , η ≡
2
m2
[
f¯
(0)
0 (γµπ
µ −m)f (0)0
]
. (7.13)
For the odd spinor f
(1)
0 we define a similar replacement introducing a new odd spinor θ
(1)
0 by
the rule
f
(1)
0 =
√
η θ
(1)
0 , (7.14)
with the same scalar function η as it was defined in (7.13). Taking into account the continuity
equation in the form (7.9) and replacement (7.14), we obtain instead of (7.12)
πµ
∂θ
(1)
0
∂xµ
+
ie
4
σµνF
µνθ
(1)
0 + iγµγ5
1
2
√
η
∂
√
ηϕ
(0)
0
∂xµ
=
1
2
(
πµγ
µγ5 + mγ5
)
ϕ
(0)
1 , (7.15)
where on the right-hand side we also have set f
(0)
1 ≡ √ηϕ(0)1 . The equation obtained can be
connected with the equation of motion of spin in external field in form (1.1), but instead of the
even spinor ψα(τ), here we have the odd spinor θα(τ) ≡ θ(1)0α (τ). The latter can be identified
with the auxiliary Grassmann spinor which we use throughout this work. Further, spinor ϕ
(0)
1
in the left-hand side of (7.15) is even one and it can be compared with our commuting spinor
ψα setting
ϕ
(0)
1 ≡ mψ.
The expression in parentheses on the right-hand side of (7.15) should be considered as
Grassmann odd one by virtue of oddness of the initial operator expression which correlates with
it (see the text after formula (7.10)). The oddness of this expression can be made explicitly
if we again enter the Grassmann scalar χ as a multiplier. Taking into account all the above
mentioned and also the relation x˙µ = πµ/m, we obtain the final expression of equation for the
odd spinor θα:
1
i
dθ
dτ
+
e
4m
σµνF
µνθ + · · · = m
2i
χx˙µ
(
γµγ5ψ
)
+
m
2i
χ
(
γ5ψ
)
. (7.16)
Here, the dots denotes contribution of the last term on the left-hand side of Eq. (7.15). Its
physical meaning is not clear. The terms on the right-hand side of (7.16) can be obtained by
varying with respect to θ¯ from the following terms, which have to be added in Lagrangian (1.4)
L = . . . +
{(
im
2
χx˙µ
(
θ¯γµγ5ψ
)
+
im
2
χ
(
θ¯γ5ψ
))
+ (conj. part)
}
.
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Finally, in turn, in the mapping of Lagrangian (1.4) into (A.1) the expressions in braces should
be identified with the Grassmann pseudovector ξµ and pseudoscalar ξ5 introduced in section 2
by the rule
(θ¯θ)ξµ ∼
(
θ¯γµγ5ψ
)
+ (conj. part),
(θ¯θ)ξ5 ∼
(
θ¯γ5ψ
)
+ (conj. part),
and thereby we can obtain the missing terms (7.1) in our map. Although we have obtained
here, the equation of motion for the odd spinor, Eq. (7.16), such an equation can be obtained
for the even spinor ψα by changing Grassmann evenness of the spinors (f
(0)
0 , f
(0)
1 ) and (f
(1)
0 , f
(1)
1 )
in the decomposition of (7.11) to the opposite ones.
8 Explicit form of the odd spinor θα
In this section we would like to consider a question of construction in an explicit form the
auxiliary odd spinor θα in terms of known functions of the problem under consideration. It is
clear that this spinor has to contain by all means the dependence of background field Ψiα(x)
defined along the particle world line xµ = xµ(τ). This spinor field is the only function, besides
the commuting spinor ψα, that possess the spinor index.
We will seek the required dependence in the following simple form
θα = θα(θ
i, θ†i, ϑa,Ψiα, Ψ¯
i
α). (8.1)
The only feature required of this function is that it must be gauge invariant. Performing the
infinitesimal gauge transformations:
θi → θi + igΛa(ta)ijθj ,
ϑa → ϑa − gfabcΛbϑc,
Ψiα → Ψiα + igΛa(ta)ijΨjα,
where Λa is a parameter of the transformations, the requirement of gauge invariance of the
expression (8.1) is reduced to the condition
δΛθα = (8.2)
= igΛa
(−→
∂θα
∂θi
(ta)ijθj − θ†j(ta)ji
←−
∂θα
∂θ†i
−
−→
∂θα
∂ϑb
(T b)acϑc +
−→
∂θα
∂Ψiα
(ta)ijΨjα − Ψ¯jα(ta)ji
←−
∂θα
∂Ψ¯iα
)
= 0.
Here, the right (left) arrow above the partial derivative with respect to the corresponding
Grassmann variables indicates that the derivative acts from the right (left) on the θα. We
restrict ourselves to the case of the linear dependence of the odd spinor on the background
Dirac fermion field Ψiα(x), i.e. we can set
3
θα = F †i(θ†, θ, ϑ)Ψiα. (8.4)
3 If we wish that θα represents a Majorana spinor, then a choose of the representation θα by Ψ
i
α(x) will be
already ambiguous {
θ
(1)
α =
(F†iΨiα + (Ψc)iαF i)/2,
θ
(2)
α =
(F†iΨiα − (Ψc)iαF i)/2i. (8.3)
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If we substitute the last expression into (8.2) then the condition of gauge invariance is reduced
to an equation for unknown even function F †i
−
−→
∂F †i
∂θj
(ta)jkθk + θ†k(ta)kj
←−
∂F †i
∂θ†j
+ F †j(ta)ji +
−→
∂F †i
∂ϑb
(T b)acϑc = 0. (8.5)
It is easy to verify that the following simple combination of color charges:
θ†jϑa(ta)ji
satisfies the equation (8.5). We point out here, the principle importance of introducing the
Grassmann real color charge ϑα belonging to the adjoint representation of the color SU(Nc)
group. A particular consequence of this is appearance of additional contribution (1.8) in the
total Lagrangian (1.4).
By using the solution obtained above we transform equation (8.5) to a slightly different
form considering a new unknown matrix function f by the replacement
F †i = θ†jϑa(taf)ji. (8.6)
Then, instead of (8.5) we will have
−→
∂f ij
∂θk
(ta)ksθs − θ†s(ta)sk
←−
∂f ij
∂θ†k
−
−→
∂f ij
∂ϑb
(T b)acϑc + (ta)ikfkj − f ik(ta)kj = 0. (8.7)
This equation exactly coincides with the equation obtained earlier in [1], Eq. (5.2). According
to results of the above-mentioned paper we can immediately give a rich class of solutions of
equation (8.7)
f ij ∼ δij , θiθ†j , (taθ)i(θ†ta)j , Qa(ta)ij , Qa(ta)ij, . . . .
Taking into account relations (8.6) and (8.4), we find a broad class of possible expressions that
can be taken as the required odd spinor θα
θα ∼ ϑa(θ†taΨα), ϑaQa(θ†Ψα), ϑa(θ†tatbθ)(θ†tbΨα), ϑaQb(θ†tatbΨα), (8.8)
etc. Let us recall that here, Qa ≡ (θ†taθ) or (ϑb(T a)bcϑc)/2.
One can rise a question about the dependence of the spinor θα (8.1) on derivative of
background fermionic field, i.e. on the functions of type ∂µΨ
i
α(≡Ψiα, µ). In the case of the
linear dependence we set
θα = F †iµ (θ†, θ, ϑ)∂µΨiα(x). (8.9)
It is clear that the derivative of the Ψ-field can enter the spinor in question in the form of the
covariant derivative only, therefore instead of the previous we can write down at once
θα = F †iµ (θ†, θ, ϑ)
−→
D ijµ (x)Ψ
j
α(x).
This relation already includes the simplest dependence on an background gauge field. The
dependence of the spinor on the Ψ-field derivatives leads to the fact that the terms of the
following form −→
∂θα
∂Ψiβ, µ
(ta)ijδΨjβ, µ − δΨ¯jβ, µ(ta)ji
←−
∂θα
∂Ψ¯iβ, µ
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must be added to the total variation (8.2), where in a particular case of variations induced by
the infinitesimal gauge transformation, we have
δΨiα, µ = ig(∂µΛ
a)(ta)ijΨjα + igΛ
a(ta)ij(∂µΨ
j
α),
δΨ¯iα, µ = −ig(∂µΛa)Ψ¯jα(ta)ji − igΛa(∂µΨ¯jα)(ta)ji.
It is easy to convince ourselves that the basic requirement of gauge independence of the spinor
(8.9) leads to the fulfilment of equations (8.5), where we need to substitute F †iµ in place of F †i.
The vector index enters these equations in the parametrical manner and therefore without loss
of generality, these functions can be taken in the factored form
F †iµ = F †i(θ†, θ, ϑ)F∗µ(x˙),
where as F∗µ the function x˙µ can be taken. In this way by using an explicit form of solutions
for F †i we can write out more nontrivial expressions for the spinor θα involving the background
fermionic field:
θα ∼ θ†jϑa(ta)ji
(
x˙µDjkµ (A)Ψ
k
α(x)
)
, θ†jϑaQb(tatb)ji
(
x˙µDjkµ (A)Ψ
k
α(x)
)
,
and so on.
In the mapping of spinors (ψα, ψ¯α) into Grassmann pseudovector and pseudoscalar in kinetic
term (2.8) we have obtained the terms with derivatives of the odd spinor θα in a form(
dθ¯
dτ
σµνθ
)
−
(
θ¯σµν
dθ
dτ
)
and
(
dθ¯
dτ
γµθ
)
−
(
θ¯ γµ
dθ
dτ
)
.
In view of the line of this paper these terms can be considered as some additional interaction
terms. Their explicit form can be found by the substitution of any one of expressions (8.8)
into the above expressions. Unfortunately, such a direct approach results in very cumbersome
expressions not interpreted even for the simplest functions in (8.8). It can be a hint that such
an awkwardness of the suggested method is generated by some preference of the function we
used for the description of spin degree of freedom of a particle. In this case we deal with the
even spinor ψα. Here, more balanced and symmetric approach is needed. Such a possibility will
be discussed just below in Conclusion. At the end of this section for completeness we would like
to consider an interesting question: how does the composite spinor θα transform under local
SUSY transformations (A.5). To be specific, we consider the simplest combinations of a form
θα = θ
†jϑa(ta)jiΨiα(x). (8.10)
In addition to (A.5) we believe that the odd color charge ϑα is transformed under infinitesimal
sypersymmetric transformations by the rule
ϑa → ϑa + gα ξµAcµ(x)(T c)abϑb.
Subject to this fact it is not difficult to see that the function (8.10) is transformed as follows:
θα → θα + iαθ†jϑa(ta)jk
(
ξµDkiµ (x)Ψ
i
α(x)
)
.
We notice that in obtaining this formula we have taken into account that the coordinate xµ
entering argument of the background fermion field Ψiα, changes under the SUSY transformation
by the rule
xµ → xµ + iαξµ.
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The most nontrivial moment here is the fact that if we will require that the background fermion
field transforms under the supersymmetric transformation as follows
Ψiα(x)→ Ψiα(x)− iα
(
ξµDijµ (x)Ψ
j
α(x)
)
,
then the spinor θα (8.10) is SUSY invariant.
9 Conclusion
In this paper we have presented further analysis of interaction of a classical color spinning
particle with background non-Abelian fermionic field. We confined close attention to spin
interaction sector. We have used the Grassmann odd pseudovector ξµ and pseudoscalar ξ5
variables as the main dynamical variables for the description of the spin degree of freedom of
the particle. The simplest explicit form of interaction terms with the fermionic field Ψiα(x) in
terms of these odd variables can be obtained by substituting expressions (2.1) and (2.2) with
the coefficients (2.15) into the interaction Lagrangian (1.9). A somewhat more complicated
variant of the interaction terms can be obtained by substituting the expression (5.3) containing
the odd pseudotensor ∗ζµν into (1.9). This pseudotensor was defined in the form (5.5). Finally,
the most complete and exact expression for the interaction terms is derived by the substitution
of (4.1) (and even though by the substitution of (4.9), (4.10)) into (2.1), although a physical
interpretation of certain terms in these maps remains unclear.
Furthermore, it was shown that we can formally take any one of expressions (8.8) as the
auxiliary odd spinor θα. In such a choice of the spinor θα with linear dependence on Ψ
i
α(x), the
Lagrangian of interaction (1.9) becomes quadratically depending on the background fermion
field. In general it is quite natural if one recalls that in the effective one-loop QCD action
iΓ[A, ψ¯, ψ] in the presence of both classical external bosonic and fermionic fields (Eq. (7.2)
in [1]) the latter enter only in the quadratic combination Ψ¯iα(x)Ψ
j
β(x). The interaction terms
in (1.9) represent in fact fragments of a total Lagrangian that would enter into the worldline
path integral representation of the effective action iΓ[A, ψ¯, ψ].
However, as was mentioned in the previous section, though the approach suggested in
this paper results in entirely concrete expressions for the interaction terms, but nevertheless
it is not quite clear and obvious. Eventually, the interaction terms are sufficiently tangled
and cumbersome. The analysis in section 7 suggests the way of ameliorating the situation. In
just mentioned section it was shown that to construct a map into complete supersymmetric
Lagrangian (A.1), the initial Lagrangian (1.4) must be also supersymmetric. To accomplish
these ends we must add the terms in an explicit form containing auxiliary anticommuting
classical spinor θα to the initial expression (1.4). Furthermore, the equation obtained (7.16)
for the odd spinor serves as a hint at that the spinor should be considered as an independent
dynamical variable subject to own dynamical equation. And finally, this odd spinor θα should be
related to its superpartner: the even spinor ψα, and thus one must consider a single superspinor
Θα = θα + ηψα,
as was done in the paper [22]. Here, η is a real odd scalar. On such a view at the problem under
consideration there is no need to define an explicit form of θα as was presented in section 8.
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This procedure on its own is ambiguous and rather artificial.
The next step forward in this direction is to use at the outset all considered variables
(ψα, θα, ξµ) for the description of spin degree of freedom, assuming that they are equivalent. This
approach is known in literature as the construction of Lagrangians with double supersymmetry,
i.e. possessing both local (world-line) and global (space-time) SUSY [47]. The circumstances
that a description of such a purely quantum property of a particle as a spin in terms of a certain
classical commuting or anticommuting, spinor or vector variable can be not quite complete, at
least in the description of interaction of the spinning particle with background gauge and all the
more with fermionic field, offers the justification of such a hybrid description. Similar reasoning
can be applied to the color charges θi, θ†i and ϑa considering them as elements of appropriate
superfields
N i = θi + ηρi,
Na= ϑa + ηQa.
(9.1)
In the next paper [37] we will suggest an approach for construction of the most general
Lagrangian of interaction of a color spinning particle with external fields of different statistics.
Appearance of new type of interaction terms with the fermion field (one of such terms has
mentioned in section 5, Eq. (6.7)) and nontrivial relations between components of color super-
charges (9.1) involving the background Ψ-field and so on, will be the consequence of such an
approach. This provides a rather strong argument that the presence background fermion field
in the system introduces qualitatively new features into dynamics of a particle. They have no
analog in the presence of only background bosonic field in the system.
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Appendix A
Here, for convenience of references we give the Lagrangian for a spin massive particle in
external non-Abelian gauge field written out in the paper [14]. We also written out the local
super-transformation under which this Lagrangian is invariant, the constrain equations and the
equations of motion for dynamical variables.
The most general Lagrangian for a classical relativistic spin 1
2
particle moving in a background
non-Abelian gauge field is
L = L0 + Lm + Lθ, (A.1)
where
L0 = − 1
2e
x˙µ x˙
µ − i
2
ξµ ξ˙
µ +
i
2e
χx˙µξ
µ, (A.2)
Lm = −e
2
m2 +
i
2
ξ5 ξ˙5 +
i
2
mχξ5, (A.3)
Lθ = iθ
†iDijθj +
i
2
eg QaF aµν ξ
µξν. (A.4)
Here, ξµ, µ = 0, 1, 2, 3, and ξ5 are the dynamical variables
4, describing the relativistic spin
dynamics of the massive particle. These variables are elements of the Grassmann algebra
[11]. The Lagrangian is invariant up to a total derivative under the following infinitesimal
supersymmetry transformation
δxµ = iαξµ,
δξµ = −α
(
x˙µ − 1
2
iχξµ
)/
e,
δe = −iαχ,
δχ = 2α˙,
δξ5 = mα,
δθi = gα ξµAaµ(t
a)ijθj ,
(A.5)
where α = α(τ) is an arbitrary Grassmann-valued function.
Varying the variables e, χ и ξ5, we obtain the constraint equations
(x˙2 − iχx˙µξµ)/e2 −m2+ igQaF aµν ξµξν = 0,
x˙µξ
µ +meξ5 = 0,
2 ξ˙5 −mχ = 0,
(A.6)
which for a special choice of the proper time gauge e = 1/m, χ = 0 and ξ5 = 0 are reduced to
the following equations
m2x˙2 −m2+ igQaF aµν ξµξν = 0,
x˙µξ
µ = 0.
(A.7)
Finally, variation over the remaining dynamical variables gives the equations of motion
ξ˙µ − g
m
QaF aµν ξ
ν = 0, (A.8)
4 Here, in contrast to [14], as the notation of spin variable we use Greek letter ξ instead of generally accepted
ψ, since the latter is used throughout the present work for the notation of the bispinor ψα.
35
θ˙i + ig
(
Aaµ x˙
µ − i
2m
F aµν ξ
µξν
)
(ta)ijθj = 0, (A.9)
mx¨µ − gQa
(
F aµν x˙
ν − i
2m
Dabµ (x)F
b
νλξ
νξλ
)
= 0. (A.10)
Here, Dabµ (x) = δ
ab∂/∂xµ + igAcµ(x)(T
c)ab, where (T c)ab ≡ −if cab is the covariant derivative
in the adjoint representation. In deriving (A.10), we have used the equation of motion for the
commuting color charge Qa(≡ θ†taθ). This equation follows from the equation of motion for θi
Q˙a + ig
(
Abµ x˙
µ − i
2m
F bµν ξ
µξν
)
(T b)acQc = 0. (A.11)
The color current of the particle which enters as the source into the equation of motion for
the gauge field,
Dabµ (x)F
bµν(x) = jaν(x),
is
jaµ(x) = g
∫
dτ
(
Qax˙µ − iξµξν 1
m
Dabν (x)Q
b
)
δ(4)(x− x(τ)). (A.12)
Appendix B
In this Appendix we give some needed formulas for the γµ spinor matrix algebra. The first basic
formula of them is
γµγν = I · gµν + iσµν , σµν ≡ 1
2i
[γµ, γν ],
where I is the identity spinor matrix. We use the metric gµν = diag(1,−1,−1,−1). The useful
identity is also
σµνγ5 =
1
2i
ǫµνλσσλσ, (B.1)
where γ5 ≡ iγ0γ1γ2γ3; ǫµνλσ is the totaly antisymmetric tensor so that ǫ0123 = +1.
The expansion of product for the γ- and σ-matrices reads
σµνγλ =
1
i
(
gνλγµ − gµλγν) · I− ǫµνλσγσγ5,
γλσµν =
1
i
(
gµλγν − gµλγν) · I− ǫµνλσγσγ5. (B.2)
The formula of expansion for product of two σ-matrices has the following form
σµνσλσ = I · (gµλgνσ − gµσgνλ) + 1
i
(
gνλσµσ + gµλσνσ − gνσσµλ − gµσσνλ)+ 1
i
ǫµνλσγ5. (B.3)
Finally, for a product of three σ-matrices we have
σρδσµνσλσ = (B.4)
=
1
i
{
gλν
(
gρµgδσ−gρσgδµ)−gµλ(gρνgδσ−gρσgδν)−gνσ(gρµgδλ−gρλgδµ)+gµσ(gρνgδλ−gρλgδν)} · I
+
(
gµλgνσ − gµσgλν)σρδ − 1
2
ǫµνλσǫρδαβσαβ
− gλν (gµδσρσ − gρµσδσ − gδσσρµ + gρσσδµ)+ gνσ (gµδσρλ − gρµσδλ − gδλσρµ + gρλσδµ)
+ gµλ
(
gµδσρσ − gρνσδσ − gδσσρν + gρσσδν)−gµσ (gνλσρλ(?) − gρνσδλ − gδλσρν + gρλσδν)
−{gλνǫρδµσ − gµλǫρδνσ − gνσǫρδµλ + gµσǫρδνλ} γ5.
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Appendix C
The Appendix is concerned with a problem of inverse map for the quadratic combination of the
odd pseudovectors ξµξν in the representation in terms of spinors ψ and θ. Taking into account
(2.3) we have
ξµξν=
1
4
β2(θ¯γµγ5ψ)(θ¯γ
νγ5ψ) +
1
4
(β∗)2(ψ¯γ5γ
µθ)(ψ¯γ5γ
νθ) (C.1)
− 1
4
|β|2
{
(θ¯γµγ5ψ)(ψ¯γ5γ
νθ) + (ψ¯γ5γ
µθ)(θ¯γνγ5ψ)
}
.
For an analysis of the terms in the right-hand side of this equation we use the following general
formula (Appendix 3.5 in the book [26]). Let F and G be some matrix expressions, then the
following expression is true
FαγGβδ =
1
4
∑
A
∆A(FΓAG)αδ(Γ)βγ , (C.2)
where index A runs over five channels: S, V, T, A and P ; ∆A is some sign factor. In our case it
is necessary to set F = γµγ5 and G = γ
νγ5. We are essentially interested in the last term in the
expression (C.1). Straightforward, but some cumbersome calculations with the use of formula
(C.2), enables us to introduce this term as a sum of the following contributions:
S-channel: − i
8
|β|2(θ¯σµνθ)(ψ¯ψ),
V-channel: +
i
8
|β|2ǫµνλσ(θ¯γσγ5θ)(ψ¯γλψ),
T-channel: − i
8
|β|2(θ¯θ)(ψ¯σµνψ) + 1
16
|β|2ǫµνλσ(θ¯γ5θ)(ψ¯σλσψ),
A-channel: − i
8
|β|2ǫµνλσ(θ¯γσθ)(ψ¯γλγ5ψ),
P-channel: +
1
16
|β|2ǫµνλσ(θ¯σλσθ)(ψ¯γ5ψ).
(C.3)
The required spin tensor quantity 1
2
(ψ¯σµνψ) has appeared in the T-channel, and the combination
1
2
(θ¯σµνθ) symmetric to it has appeared in the S-channel. Let us especially note that appearance
of these spin tensors has turned out possible due to Grassmann character of the auxiliary spinor
θ only!
If we now consider a comparison of the force terms in the different representations inverse
to (2.13)
ieg
2
QaF aµν ξ
µξν ∼ −eg
4
QaF aµν(ψ¯σ
µνψ) + . . . ,
then in the choice of ξµξν on the left-hand side according to (C.3)
ξµξν ∼ − i
8
|β|2(θ¯θ)(ψ¯σµνψ)
we obtain the following equation for the coefficient β
|β|2 = − 4
(θ¯θ)
. (C.4)
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On the other hand from (2.15) we have
|β|2 = + 2
(θ¯θ)
(C.5)
and there is a distinction in factor (−1/2) as it already took place for equations (2.9) and (2.14).
By using the formula (C.2) the first term in the right-hand side of (C.1) can be also presented
as a sum of the following contributions:
S-channel: − i
16
β2(θ¯σµνψ)(θ¯ψ),
V-channel: +
i
16
β2ǫµνλσ(θ¯γσγ5ψ)(θ¯γλψ),
T-channel: +
i
16
β2(θ¯ψ)(θ¯σµνψ) − 1
32
β2ǫµνλσ(θ¯γ5ψ)(θ¯σλσψ),
A-channel: − i
16
β2ǫµνλσ(θ¯γσψ)(θ¯γλγ5ψ),
P-channel: +
1
32
β2ǫµνλσ(θ¯σλσψ)(θ¯γ5ψ).
The fact that terms of vector and pseudovector contributions in exact cancel each other is
rather remarkable feature, while scalar and pseudoscalar contributions double tensor one. Thus
we remain here with contributions containing only the antisymmetric spinor matrix σµν .
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